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WAVENUMBER-EXPLICIT BOUNDS IN TIME-HARMONIC
ACOUSTIC SCATTERING*

E. A. SPENCET

Abstract. We prove wavenumber-explicit bounds on the Dirichlet-to-Neumann map for the
Helmholtz equation in the exterior of a bounded obstacle when one of the following three conditions
holds: (i) the exterior of the obstacle is smooth and nontrapping, (ii) the obstacle is a nontrapping
polygon, or (iii) the obstacle is star-shaped and Lipschitz. We prove bounds on the Neumann-to-
Dirichlet map when condition (i) and (ii) hold. We also prove bounds on the solutions of the interior
and exterior impedance problems when the obstacle is a general Lipschitz domain. These bounds
are the sharpest yet obtained (for their respective problems) in terms of their dependence on the
wavenumber. One motivation for proving these collection of bounds is that they can then be used
to prove wavenumber-explicit bounds on the inverses of the standard second-kind integral operators
used to solve the exterior Dirichlet, Neumann, and impedance problems for the Helmholtz equation.
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1. Introduction. Proving bounds on solutions of the Helmholtz equation
(1.1) Au+k*u=—f

(where f is a given function and k > 0 is the wavenumber) is a classic problem. When
a Helmholtz boundary value problem (BVP) has a unique solution, the solution can
be bounded in terms of the data using Fredholm theory, since the variational, or weak,
formulations of Helmholtz BVPs satisfy Garding inequalities. The resulting bounds,
however, are not explicit in the wavenumber k.

Obtaining k-explicit bounds on the Helmholtz equation has a long history, and
we discuss some of this previous work in detail below. We mention at this stage the
fundamental k-explicit bounds of Morawetz [44] and Vainberg [58] on the inverse of the
Helmholtz operator in exterior domains that are nontrapping. The former bounds rely
on certain identities for solutions of the Helmholtz equation, and the latter bounds are
proved using much more general arguments that exploit the fact that the Helmholtz
equation arises by taking the Fourier transform in time of the wave equation and then
use the propagation of singularities results of Melrose and Sjéstrand [36], [37]. Since
the inverse of the Helmholtz operator is the resolvent of the Laplacian, these bounds
are often called resolvent estimates.

Given this area’s long history, one might think that there are no more outstanding
problems to solve. However, there has been a revival of interest in k-explicit bounds
on solutions of the Helmholtz equation, largely motivated by the current interest in
the k-explicit numerical analysis of wave propagation problems (see, e.g., the recent
review articles [11], [16], [17], [18]), and this renewed interest has highlighted that
several fundamental problems remain open.
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In particular,

(a) although the classic resolvent estimates of Morawetz and Vainberg in exterior
nontrapping domains are sharp in their k-dependence, there do not yet exist
sharp bounds on the Dirichlet-to-Neumann (DtN) and Neumann-to-Dirichlet
(NtD) maps in these domains;

(b) there are relatively few bounds available for exterior problems in nonsmooth
domains (mainly because the propagation of singularities on these domains
is highly nontrivial);

(c) there do not yet exist sharp bounds on the solution of the interior impedance
problem posed in a general Lipschitz domain.

Regarding (a). Although the classic resolvent estimates can be converted into bounds
on the DtN and NtD maps (and this was done recently by Lakshtanov and Vainberg
in [28]), the bounds obtained so far via this method appear not to be sharp in their
k-dependence (and we prove this in this paper). Although these DtN and NtD bounds
are of interest in their own right, they play an essential role in bounding the inverses
of the integral operators used to solve the exterior Dirichlet and Neumann problems
(see section 1.3).

Regarding (b). The resolvent estimates obtained by Morawetz in smooth domains
can be extended to hold in nonsmooth star-shaped domains, since these estimates rely
on identities that hold in Lipschitz domains. (See section 3.1 and [12, Lemma 3.8]
for more details.) The more general arguments of Vainberg rely on results about
propagation of singularities, and the relevant results for nonsmooth domains have
only recently been obtained (see [40], [38], [59], [39], [8], and section 3.1).

Regarding (c¢). Many investigations of numerical methods for solving the Helmholtz
equation begin by considering the Helmholtz equation in a bounded domain (to avoid
the complications associated with imposing the radiation condition numerically). To
obtain a BVP that is well-posed for every k > 0, an impedance boundary condition

ou .
(1.2) o =g

is applied, where g is a given function and 7 is a real constant. Because this interior
impedance problem is used as a model problem for numerical analysis of the Helmholtz
equation, several authors over the years have obtained bounds on the solution in terms
of the data that are explicit in & and # [20], [33], [15], [18] (with [24], [7], and [30]
considering closely related Helmholtz BVPs and [25], [41] considering the analogous
BVP for the time-harmonic Maxwell equations). However, there do not yet exist
sharp bounds (in terms of k- and 7-dependence) on the solution of this BVP posed
in a general Lipschitz domain.

Aside from its use as a model problem for numerical analysis, the interior impedance
problem plays a fundamental role in the conditioning of the integral operators that
are used to solve exterior problems. Indeed, to bound the inverses of the integral
operators used to solve the exterior Dirichlet, Neumann, and impedance problems,
one needs not only bounds on the exterior DtN, NtD, and impedance-to-Dirichlet
maps but also a bound on the interior impedance problem. (If the reader is not
familiar with boundary integral equations, then this may appear strange; however,
each of the integral operators for the three exterior problems can also be used to
solve the interior impedance problem. Therefore, it is natural that the norms of the
inverses of the integral operators should depend on both the exterior and the interior
problems.)
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In this paper we do the following:

1. We prove bounds on the exterior DtN map, which are sharper in their k-
dependence than any previously obtained bounds, when one of the following
three conditions holds:

(i) the exterior of the obstacle is a C'>® nontrapping domain in two dimen-

sions (2-d) or three dimensions (3-d),

(ii) the obstacle is a nontrapping polygon (in 2-d),

(iii) the obstacle is a star-shaped, Lipschitz domain in 2- or 3-d.
We also prove bounds on the exterior NtD map in cases (i) and (ii), with the
bounds for case (ii) being the first bounds on the NtD map for nonsmooth
domains. (These DtN and NtD bounds therefore partially address the open
problems (a) and (b) above.)

2. We prove bounds on the interior impedance problem in a general Lipschitz
domain that are sharper in their k- and n-dependence than any previously
obtained bounds (thus partially addressing the open problem (c) above). This
method of proof also yields bounds on the exterior impedance problem.

Regarding 1. For the class of domains in (i), Lakshtanov and Vainberg [28]
recently obtained DtN and NtD bounds in the trace spaces using the classic resolvent
estimates. We use the same idea, but we sharpen the DtN bound in the trace spaces
by a factor of k3/2 and also prove DtN and NtD bounds when du/dn € L*(T') and
u € H'(T'), where I' denotes the boundary of the obstacle. (This case is particularly
important for the applications of these bounds to integral equations; see section 1.3.)
For the class of domains in (ii), we obtain the DtN and NtD bounds from the resolvent
estimates in these domains recently obtained by Baskin and Wunsch [8] using results
about the propagation of singularities in this type of domain. For the class of domains
in (iii), a resolvent estimate for the Dirichlet problem was obtained by Chandler-Wilde
and Monk in [12], essentially using the identities of Morawetz (see the discussion in
section 3.1). The same argument used to prove bounds on the DtN map for the class
of domains (ii) can then be used to prove bounds on the DtN map for the class (iii).
By considering the specific cases of the circle and sphere and using results about the
asymptotics of Bessel and Hankel functions, we are able to determine exactly how far
from being sharp (in terms of k-dependence) the bounds for the classes of domains
(i) and (iii) are.

Regarding 2. The impedance boundary condition is somewhat different from the
Dirichlet and Neumann boundary conditions in that, for the time-dependent problem,
it means that energy is either emitted or absorbed by the boundary (depending on
the sign of 1) and thus is not conserved as in the Dirichlet and Neumann cases;!
this means that the concepts of trapping and nontrapping have no meaning under
impedance boundary conditions. A key feature of the interior impedance problem
when f in (1.1) equals zero is that the Cauchy data of the solution can be bounded in
terms of g in (1.2) using Green’s first identity. Since Green’s integral representation
gives the solution in the domain in terms of its Cauchy data on the boundary, k-
explicit bounds on the norms of the integral operators can then be used to bound the
solution in the domain by g. Similar ideas can be used to bound the solution when

!Tndeed, adopting the convention for “outgoing” in the radiation condition (1.4) and letting
U(z,t) be the solution of the wave equation corresponding to u(z; k), we find that, if n = £k, then
the impedance boundary condition (1.2) corresponds to the boundary condition OU/On+0U/dt = g,
under which energy is absorbed or emitted, respectively, by the boundary (assuming that the normal
vector points outwards from the domain of propagation).
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f # 0, with these arguments dating back to at least [20] (although these authors only
considered the case when the domain is a square or cube). We use these ideas again
here, with the main new ingredient being sharper bounds on the norms of the integral
operators. These new bounds are obtained using the classic free resolvent estimates,
and they result in sharper bounds on the solution. With some small modifications,
this argument also yields a bound on the solution of the exterior impedance problem.
Despite this BVP perhaps being less interesting than the others discussed so far, we
also present the bound obtained on its solution.

Although the two parts of the paper (1 and 2 above) consider different problems,
they are linked both by the methods they employ (with Vainberg’s resolvent estimates
and identities related to those of Morawetz playing key roles) and by the fact that
the bounds in 1 and 2 together are then sufficient to obtain k-explicit bounds on the
inverses of the standard second-kind boundary integral operators used to solve the
exterior Dirichlet, Neumann, and impedance problems. (We illustrate this for the
case of the Dirichlet problem in section 1.3.)

1.1. Statement of the main results. Let Q_ C R% d = 2,3, be a bounded,
Lipschitz open set with boundary I' := 9Q_, such that the open complement 2, :=
RY\ Q_ is connected. Let v+ denote the trace operators from Qi to T, let O
denote the normal derivative trace operators, and let Vr denote the surface gradient
operator on I'. (For precise definitions of these operators, see section 2. Note that
we will also call yLu the Dirichlet traces of u and dFu the Neumann traces.) Let
Bpr :={x: |x| < R}.

This paper contains four theorems (Theorems 1.4, 1.5, 1.6, and 1.8). The first two
concern the DtN and NtD maps for the Helmholtz equation in €2, under geometric
restrictions explained in the next three definitions.

DEFINITION 1.1 (nontrapping). We say that Q. C R? d = 2,3 is nontrapping
if T is C*° and, given R > supycq_ |X|, there exists a T(R) < oo such that all the
billiard trajectories that start in Q4 N Br at time zero leave Q4 N Br by time T'(R).

DEFINITION 1.2 (nontrapping polygon). If Q_ C R? is a polygon, we say that
it is a nontrapping polygon if (i) no three vertices are colinear and (i) given R >
SUPycq_ |X|, there exists a T(R) < oo such that all the billiard trajectories that start
in Q4 N Br at time zero and miss the vertices leave Q4 N Br by time T(R). (For a
more precise statement of (ii), see [8, section 5].)

DEFINITION 1.3 (star-shaped). Let Q_ C R? d = 2,3, be a bounded, Lipschitz
open set.

(i) We say that Q) _ is star-shaped if x-n(x) > 0 for every x € T’ for which n(x)

is defined.

(ii) We say that Q_ is star-shaped with respect to a ball if there exists a constant

¢ > 0 such that x -n(x) > ¢ for every x € I' for which n(x) is defined.

THEOREM 1.4 (bounds on the DtN map for the Helmholtz equation in exterior
domains). Let d =2 or 3. Let u € H} () satisfy the Helmholtz equation

(1.3) Au+ku=0 inQy
and the Sommerfeld radiation condition
ou 1
as r:= |x| = oo, uniformly in X := x/r. If either Q0 is nontrapping (in the sense

Definition 1.1) or Q_ is a nontrapping polygon (in the sense of Definition 1.2) or Q_



WAVENUMBER-EXPLICIT BOUNDS IN ACOUSTIC SCATTERING 2991

is Lipschitz and star-shaped (in the sense of Definition 1.3(i)), then, given ko > 0,
(1.5) ||37J{“||H—1/z(p) S K2 v+l iy

for all k > ko. Furthermore, if vyu € HY(T), then 9;7u € L*(T) and, given ko > 0,
(1.6) 10l oy S K72 sl sy and

(1.7) o ull ooy < & (190 Craw)llagey + ksl pagey)

for all k > k.

How sharp are these bounds? By considering the specific examples of T' the
unit circle (in 2-d) and the unit sphere (in 3-d), we show that the bound (1.5) is at
most k'/? away from being sharp (i.e., for the circle and sphere there exist solutions
of the Helmholtz equation satisfying the Sommerfeld radiation condition such that
[0 ull gr-1/20y 2 Ellvaullgra/2ry ), the bound (1.6) is at most k'/? away from being
sharp, and the bound (1.7) is at most k away; see Lemma 3.10 for the details.

THEOREM 1.5 (bounds on the NtD map for the Helmholtz equation in exterior
domains). Let d =2 or 3. Let u € HL (24) satisfy the Helmholtz equation (1.3) and
the Sommerfeld radiation condition (1.4). If either Q4 is nontrapping (in the sense
Definition 1.1) or Q_ is a nontrapping polygon (in the sense of Definition 1.2), then,
gien ko > 0,

(1.8) ||7+UHH1/2(F) S kH@J{UHH_l/z(F)

for all k > ko. Furthermore, if 0;7u € L*(T"), then v4u € HY(T) and, given ko > 0,

(1.9) (||VF(7+U)HL2(F) +k ||7+U||L2(r)) Sk Ha:uHL%F)

for all k > k.

By again considering the specific examples of I' the unit circle and sphere, we
show that the bound (1.8) is at most k?/3 away from being sharp (i.e., for the circle
and sphere there exist solutions of the Helmholtz equation satisfying the Sommerfeld
radiation condition such that ||y iull g2y 2 k1/3||3,fu||H71/2(p)), and the bound
(1.9) is at most k%/3 away from being sharp.

The third theorem concerns the interior impedance problem for 2_ a general
bounded Lipschitz domain (where we use the word domain to mean a connected open
set).

THEOREM 1.6 (bounds on the solution to the interior impedance problem). Let
Q_ be a bounded Lipschitz domain in 2- or 3-d. Given f € L*(Q_), g € L*(T"), and
n € R\ {0}, let u € H'(Q2_) be the solution to the interior impedance problem

(1.10) Au+ku=—f Q. and O ,u—inyu=g onT.
Then, given ko > 0,
(1.11)

k Il
IVellsio s + Elelzay 872 (1400 ) [Igllingy + 872 (14 5 ) 1l |

for all k > ko (where the omitted constant is independent of both k and n). In
particular, if |n| ~ k, then

(1.12) IVull g2y +Ellull 2@y S k2 N9l 2y + &Nl 22 ) -



2992 E. A. SPENCE

Furthermore, if T' is piecewise smooth, then the k'/? at the front of the left-hand side
of (1.11) can be replaced by k'/*, and thus if |n| ~ k, then

(1.13) IVull ooy +Fllull 2y S kM lgll L2y + K/ 1Lz y -

In Lemma 4.10 we investigate the sharpness of (1.12) and (1.13). (For simplicity
we restrict attention to the case |n| = k, but the methods we use are applicable for
general 7).) We show that the factor in front of ||g||.2(r) in (1.12) is at most k away
from being sharp, and the factor in front of || f[|z2(o_) in (1.12) is k away from being
sharp. Analogously, the factors in front of ||g||z2(r) and || f||z2(q_) in (1.13) are both
k3/* away from being sharp.

Theorem 1.6 can be used to prove a bound on the solution of the interior impedance
problem with minimal smoothness requirements on the data, and this gives a bound
on the inf-sup constant of the corresponding variational formulation.

COROLLARY 1.7 (corollary to Theorem 1.6). Given ko > 0, the solution of the
interior impedance problem with f € (HY(Q_))', g € H-Y*(T"), satisfies
(1.14)

k Il
IVellsio s + Elelzay 8 (1 ) (150 [lalovnry + Wl o

for all k > ko. Therefore, in the case |n| ~ k, the sesquilinear form of the variational
formulation of the interior impedance problem, a(-,-) defined by (4.2) below, satisfies

1
(1.15) inf sup o, v)] > —,
0FAueH' (Q-) 0£ve HL(Q_) ||U||1k§z_ Hle,k,Q_ k
where [|ull1 k0 = ||Vull 2oy +kl|ull 2 ). IfT is piecewise smooth, then the factor

of k% both on the right-hand side of (1.14) and in the denominator of the right-hand
side of (1.15) can be changed to k7/*.

The final theorem concerns the exterior impedance problem for 2 a general
Lipschitz domain.

THEOREM 1.8 (bounds on the solution to the exterior impedance problem). Let
Q_ be a bounded Lipschitz domain in 2- or 3-d. Given f € L?(Q4) with compact
support, g € L*(T), and n > 0, let w € H} (924) be the solution to the exterior
impedance problem

(1.16) Au+ku=—f mQy and Ofu+inyyu=g onT,

satisfying the Sommerfeld radiation condition (1.4). Then, for any R > supycq_ |X/,
the bound (1.11) holds with the left-hand side replaced by

IVull p2p) + Ellull 2y -

where Qg = Q N{|x| < R}, and with || f||L2_y replaced by || f||12(a, ). Furthermore,
if T is piecewise smooth, then the factor of k*/? on the right-hand side of this bound
can be replaced by k'/*.

Recall that, while the interior impedance problem has a unique solution for all
n € R\ {0}, the exterior impedance problem needs 7 in the boundary condition in
(1.16) to be greater than zero for the solution to be unique (and so this restriction is
in the statement of the theorem); see, e.g., [13, Theorem 3.37], [11, Lemma 2.8].

Regarding sharpness. As in the case of the interior problem, the argument in the
proof of Lemma 4.10 shows that the factor in front of ||g[/z2(ry in the analogue of
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(1.12) is at most k away from being sharp, and the factor in front of || f| 22, ) is k
away from being sharp. A corollary analogous to Corollary 1.7 holds for the exterior
impedance problem, but we omit the details.

1.2. Comparison of the main results to similar existing results.

Bounds on the DtN and NtD maps (Theorems 1.4 and 1.5). In this discussion we
omit results about the high-frequency asymptotics of the solution of the Helmholtz
equation in ;. There has been vast amounts of research on constructing these
asymptotics and justifying them rigorously; for an introduction to this work, see, e.g.,
[4], [5], [11, section 3], and the references therein.

Instead, we focus on results that specifically bound either the DtN or the NtD
map (such as Theorems 1.4 and 1.5). To the author’s knowledge, there exist four
such results. The first of these was obtained by Morawetz and Ludwig in [45]. They
proved that if Q_ is smooth and star-shaped with respect to a ball (in the sense of
Definition 1.3(ii)), then, given ko > 0,

(1.17) 103l ey S 19 ()l agry + vl oy

for all & > kg. This result was obtained using the identity for solutions of the
Helmholtz equation that arises by multiplying the PDE by Mu, where

(1.18) /\/lu:x-Vu—ikr—i—LZl)u.
(For a discussion of why this is possible, see the review [11, section 5.3.1].) With some
additional technical work this method can be applied when €2_ is a Lipschitz, star-
shaped domain, and thus the bound (1.17) also holds in this case. (See Remark 3.8
for more details.)

The second result is a bound on the NtD map obtained by Babich in [3]. Babich
proved that if 2_ is a smooth, convex, two-dimensional domain with strictly positive
curvature, then

1
(1.19) [v+ull ooy © iz Ha?—’ruHLm(F)

for all k£ > 0. This result was obtained using a method introduced by Ursell in [56]
(and then also used in, e.g., [2], [21], [57]). The method approximates the Neumann
Green’s function for Q4 with source at x¢g € I' with the Neumann Green’s function
for the exterior of the osculating circle at xg. This approximate Green’s function is
then used to formulate an integral equation for the solution of the Neumann problem
in Q4. Since the Green’s function for the circle is known explicitly, the bound (1.19)
can then be obtained from the integral equation.

The third and fourth results are the following bounds on the DtN and NtD map
for nontrapping domains (in the sense of Definition 1.1) obtained by Lakshtanov and
Vainberg in [28, Theorem 1]: given ko > 0,

(1.20)
||81eru||H71/2(p) S kB ||7+u||H1/2(F) and H’\/Jru”Hl/?(F) S k ||81eru||H71/2(p)

for all k > kg. As discussed above, these bounds were obtained using the resolvent
estimate for this class of domains obtained by Vainberg in [58] (and we use essentially
the same method in section 3 to prove the bounds in Theorems 1.4 and 1.5).

We now compare these four previous results with the bounds in Theorems 1.4
and 1.5. The Morawetz—Ludwig DtN bound (1.17) is sharper in its k-dependence
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than the bound on the DtN map (1.7), although (1.7) holds for a wider range of
geometries than (1.17). Note that the specific examples of the circle and sphere,
analyzed in Lemma 3.12, show that the Morawetz—Ludwig bound (1.17) is sharp in
its k-dependence.

The DtN bound in the trace spaces (1.5) is sharper than that of Lakshtanov and
Vainberg in (1.20), but the NtD bound in the trace spaces (1.8) is the same as that
of Lakshtanov and Vainberg in (1.20) (although both (1.5) and (1.8) hold for a wider
range of geometries than the bounds in (1.20)). We note that the investigation in [28]
was not focused on obtaining the best possible bounds on the DtN and NtD maps,
since the powers of k in the bounds (1.20) were sufficient for proving the main results
of [28] (sharp bounds on the total cross-sections of scattered waves when either 2 is
nontrapping or _ is a general Lipschitz domain).

The Babich bound (1.19) cannot immediately be compared to the NtD bounds
(1.8) and (1.9), since the spaces in which the bounds are proved are different. Never-
theless, the particular examples of the circle and sphere show that the Babich bound
is at most k'/® away from being sharp (see Remark 3.13), and the NtD bounds (1.8)
and (1.9) are both at most k%/3 away from being sharp.

Before leaving this discussion on bounds on the DtN and NtD maps, we note that
if the domain is trapping, then one cannot expect bounds such as those above to hold.
For example, if 2 is a two-dimensional domain with an elliptical cavity, in the sense
that Q. contains the ellipse {(z1,72) : (z1/a1)? + (22/a2)* < 1} with a1 > az > 0
and I coincides with the boundary of the ellipse in neighborhoods of (0, +a2), then
there exist wavenumbers 0 < k; < ko < --- with k,, — co as m — oo, corresponding
solutions of the Helmholtz equation that satisfy the Sommerfeld radiation condition
U, and a constant v > 0 such that

105 | ey 2 < 195 (s el oy + o ||7+um||p(r>)

for all m > 1. (This can be proved using techniques similar to those in [9, Theo-
rem 2.8]; see also the discussion in [11, section 5.6.1].)

Bounds on the interior and exterior impedance problems (Theorems 1.6 and 1.8).
For simplicity we consider the case that |n| = k. Some of the previous results that
we now discuss only considered this case, although the methods used to prove these
results also work for general 7.

If Q_ is a two- or three-dimensional Lipschitz domain that is star-shaped with
respect to a ball (in the sense of Definition 1.3(ii)) then the identity resulting from
the multiplier

-1
(1.21) Mu=x-Vu+ %u
can be used to prove that, given ky > 0,
(1.22) IVull 2y +Fllull 2y S lgllp2y + 12
(Q-) Q-) (r) Q-)

for all k& > kg. This was done when T' is piecewise smooth in 2-d by Melenk [33,
Proposition 8.1.4] and in 3-d by Cummings and Feng [15, Theorem 1]. The arguments
outlined in Remark 3.8 can then be used to establish the bound when I" is Lipschitz
(similar to the situation with the Morawetz—Ludwig DtN bound discussed above).
Lemma 4.10 shows that, at least when g = 0, the bound (1.22) is sharp in its k-
dependence.
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The argument involving Green’s integral representation and k-explicit bounds on
integral operators that we discussed above was used by Feng and Sheen to prove that
if Q_ is square or cube and g = 0, then, given kg > 0,

(1.23) IVull ooy +Elull oy S K20y

for all & > ko [20, Theorems 3.6 and 4.7]; the same argument can be used to es-
tablish the bound when €_ is a general Lipschitz domain. This argument was used
independently by Esterhazy and Melenk to prove that, with _ a general two- or
three-dimensional Lipschitz domain, given kg > 0,

(1.24) IVull g2y +Ellull 2@y S k? gl p2ry + k2 11220y

for all k > ko [18, Theorem 2.4].

Looking at these previous results, we see that the bound (1.12) of Theorem 1.6
is the sharpest yet obtained in the case that €)_ is a general Lipschitz domain, but
the k-dependence is still worse than that in the bound (1.22) for domains that are
star-shaped with respect to a ball. The bound (1.13) improves the k-dependence in
the case when I' is piecewise smooth, but this improved dependence is still not as
good as that in the star-shaped case.

To the author’s knowledge, there are currently no bounds for the exterior impe-
dance problem stated in the literature (although, as we see in this paper, the method
used to prove the interior bounds (1.11), (1.23), and (1.24) can easily be adapted to
prove exterior bounds).

1.3. Conditioning of boundary integral operators. As discussed above, one
application of the bounds of Theorems 1.4, 1.5, 1.6, and 1.8 is in proving bounds on
the inverses of boundary integral operators (which can then be used in conjunction
with bounds on the norms of these operators to prove bounds on their condition
numbers). We illustrate this for the standard second-kind integral operator used to
solve the exterior Dirichlet problem.

When u is the solution to the exterior Dirichlet problem for the Helmholtz equa-
tion, the Neumann trace of u, 0 u, satisfies the integral equation

(1.25) ko (O w) = f

on I', where the integral operator A§€7 , is the so-called combined-potential or combined-
field integral operator (defined by (1.30) below) and f is given in terms of the known
Dirichlet data v u.

We now briefly derive the integral equation (1.25); for simplicity we do not con-
sider the general exterior Dirichlet problem, only the sound-soft scattering problem
(i.e., the problem in which the Dirichlet data is the restriction of, e.g., a plane wave to
T'). The reason we do this is that the right-hand side f of (1.25) takes a particularly
simple form in this case; for the details of the general case see [11, equations (2.68)
and (2.69)]).

DEFINITION 1.9 (sound-soft scattering problem). Given k > 0 and an incident
plane wave u! (x) = exp(ikx - A) for some a € RY with |a] = 1, find u® € C?(Q4) N
HL (924) such that the total field u := u! +u” satisfies

Au+ku=0 inQ, Yyu=0 onT,

and u® satisfies the Sommerfeld radiation condition (1.4) (i.e., (1.4) holds with u
replaced by u® ).
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Using (i) the fact that u! is a solution of the Helmholtz equation in Q_, and (ii)
Green’s integral representation for v, one can show that

(1.26) u) =)~ [ Bulxy)0fuly) ds(y), x € 0

r
(see, e.g., [11, Theorem 2.43]), where ®4(x,y) is the fundamental solution of the
Helmholtz equation given by

i elklx—yl

3.
4

(127)  Bu(x,y) = -H§V (klx—y]), d=2,  Pu(x,y) =

— d=
Arlx —y]

Taking the Dirichlet and Neumann traces of (1.26) on I' and using the jump
relations for the single-layer potential (given in (5.1) below), one obtains two integral
equations for the unknown Neumann boundary value 9;' u:

1
(1.28) SpOfu = vpul, (EI—FD;)@?J{U:QJ{UI,

where the integral operators Si and D), the single-layer operator and the adjoint-
double-layer operator, respectively, are defined for ¢ € L%(T') by
(1.29)

aq)k Xy
S = [ Bubey)u)asty), Do i [ V)

o) Y(y)ds(y), xel.

(When T is Lipschitz, the integral defining Dj is understood as a Cauchy principal
value integral; see, e.g., [11, section 2.3].)

Both integral equations in (1.28) fail to be uniquely solvable for certain values of
k. (For the first equation in (1.28) these are the k such that k? is a Dirichlet eigenvalue
of the Laplacian in Q_, and for the second equation in (1.28) these are the k such that
k? is a Neumann eigenvalue.) The standard way to resolve this difficulty is to take
a linear combination of the two equations, which yields the integral equation (1.25),
where

1
(1.30) ko = §I—|— D;, — inSk,

the so-called coupling parameter n € R\ {0},2 and
(1.31) f(x) :=0fu! (x) —inyiul(x), xeT.

The integral equation (1.25) is usually considered as an equation in the space
L*(T), since Aj,, is a bounded and invertible operator on L*(T') (when 7 € R\ {0})
[11, Theorem 2.27], and both 9;Fu and f € L?(T) in the case of plane-wave or point-
source scattering [11, Theorems 2.12 and 2.46].

Although integral equations such as (1.25) have long been used to solve scatter-
ing problems, until recently little has been known about how quantities of interest

2 Although denoting the coupling parameter 1 might appear to be a notational clash with the 7
in the impedance boundary condition (1.2), the adjoint of the integral operator A;Cw can be used
to solve the interior impedance problem, and in this case the coupling parameter equals the 7 in
the impedance boundary condition; see [11, Theorem 2.30]. This relationship between the coupling
parameter and the 7 in the impedance boundary condition can also be seen in Lemma 1.10 below.



WAVENUMBER-EXPLICIT BOUNDS IN ACOUSTIC SCATTERING 2997

(such as the norms of the operators) depend on k and 7. It turns out that bounds
on the norm of A}, L that are explicit in k and 7 can be obtained using standard
techniques for bounding norms of integral operators [11, section 5.5], [53, section 1.2,
section 1.4]. However, to obtain bounds on (A, ) ! that are explicit in k and 7, one
must use results about the exterior DtN map and the interior impedance-to-Dirichlet
map. Indeed, the following lemma is implicit in [12, Proof of Lemma 4.5] and [11,
Theorem 2.33], and proved explicitly in section 5.

LEMMA 1.10 (bounding the inverse of the combined potential operator). Let uy
satisfy Auy + k*uy = 0 in Q4 , the Sommerfeld radiation condition (1.4), and let
yiug € HY(T). Let u_ be the solution of the interior impedance problem (1.10) with
f=0,9g€L*T), andn € R\ {0}. If o, B, and § are such that, given ko > 0,

(1.32) "a+u+||L2(F) al|Vr(y +U+)HL2 )+5k||“/+u+||L2
and
(1.33) IVe(v-u)llzzry S 0119l 2 (ry

for all k > kg, then

(1.34) (A5 1||L2(F%L2(F) <1+a5+ﬁ| |)

for all k > ko and n € R\ {0}.

This lemma implies that if one can bound both the exterior DtN map and the
interior impedance-to-Dirichlet map, then one can bound (A}, n)_ Similarly, if one
can bound the exterior NtD map and the interior impedance-to-Dirichlet map, then
one can bound the inverse of the standard second-kind boundary integral operator
used to solve the exterior Neumann problem, and if one can bound both the exterior
and interior impedance-to-Dirichlet maps, then one can bound the inverse of the
standard second-kind boundary integral operator used to solve the exterior impedance
problem; see [11, Theorem 2.33].

If Q_ is a two- or three-dimensional Lipschitz domain that is star-shaped with
respect to a ball (in the sense of Definition 1.3(ii)), then the Morawetz-Ludwig DtN
bound (1.17) implies that (1.32) holds with a and 5 ~ 1. Furthermore, the bound on
the interior impedance problem (1.22) for this class of domains can be used to show
that (1.33) holds with 6 ~ 1+ k/|n| (see Remark 4.8). Lemma 1.10 then implies that

k
(1.35) I ko) 1||L2(F)—>L2(F) S1+ Inl
when _ is a two- or three-dimensional Lipschitz domain that is star-shaped with
respect to a ball; this result was first proved in [12, Theorem 4.3].

Using the bounds of Theorems 1.4 and 1.6 in Lemma 1.10, we obtain the following
theorem.

THEOREM 1.11 (bound on (14;777)‘1 for smooth nontrapping domains and non-
trapping polygons). If either Q. C RY, d = 2,3, is nontrapping (in the sense of
Definition 1.1) or Q_ is a nontrapping polygon (in the sense of Definition 1.2), then,
gien ko > 0,

) k3/4
(1.36) ||(A;€7n) 1HL2(F)—>L2(F) Sk o (1 - W)

for all k > ko and n € R\ {0}.
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Proof. The bound (1.7) implies that (1.32) holds with o and § ~ k. Corollary 4.7
shows that the analogue of the bound (1.11) when T is piecewise smooth implies
that (1.33) holds with § ~ k'/4(1 + k3/%/|n|). The bound (1.36) then follows from
Lemma 1.10. |

The numerical experiments in [10] indicate that the bound (1.36) is not sharp in its
k-dependence, since they show that ||(A;€7n)_l||L2(F)*>L2(]_") is bounded independently
of k when Q_ is a particular nontrapping and non-star-shaped polygon and n = k
(see [10, Figure 5.9]). This lack of sharpness is to be expected, since both the bounds
used to obtain (1.36), namely, (1.7) and (1.11), are not sharp.

Despite its lack of sharpness, the bound (1.36) is sufficient for the following nu-
merical analysis application: Lohndorf and Melenk have recently performed a k-
explicit convergence analysis of the Galerkin method applied to the integral equa-
tion (1.25) using piecewise-polynomial subspaces (the so-called hp-boundary-element
method) [31], [34]. An underlying assumption in this analysis is that, when || ~ ,
[(A%.) "Lz @y—r2@y S k* for some a > 0. This assumption was known to hold
for Lipschitz star-shaped domains via the bound (1.35), and Theorem 1.11 now es-
tablishes that this assumption holds for nontrapping domains in 2- or 3-d and for
nontrapping polygons.

1.4. Outline of paper. In section 2 we establish some notation and collect some
basic results that are used throughout the paper. In section 3 we prove Theorems 1.4
and 1.5 (the bounds on the DtN and NtD maps). In section 4 we prove Theorems 1.6
and 1.8 (the bounds on the interior and exterior impedance problems). In section 5
we prove Lemma 1.10.

2. Notation and basic results. We use the notation a < b to mean a < Cb
for some constant C' that is independent of k, n, and any other parameters of interest.
(Usually these will be explicitly stated.) @ 2 b means b S a. If a <band b < a, we
write a ~ b.

Let Q_ C R, d = 2,3, be a bounded, Lipschitz open set with boundary I' := 9Q_,
such that the open complement €2, := R\ Q_ is connected. Let n denote the outward-
pointing, unit, normal vector to Q_. Let Br := {x : |x| < R}, letT'r := {x: |x| = R},
and let Qr := Q4 N Bpg.

We denote the interior and exterior traces by v+, so that, for 1/2 < s < 3/2,
vt H3(Q_) — H*Y2(T) and vy : HE () — H*1/2(T"). We have the bound

(21) -l svnry S Nl for 1/2< 5 <3/2
[14, Lemma 3.6], [32, Theorem 3.38], and the multiplicative trace inequality
(2.2) v—ulzaey S lull 2y lellg o

[22, Theorem 1.5.1.10, last formula on p. 41]. If y € O (R%) and y = 1 in a

comp

neighborhood of T', then 4 (xu) = v+ (u) for all w € H (Q4) with 1/2 < s < 3/2
[51, Remark 2.6.10]. Therefore, if u € H .(21) and 1/2 < s < 3/2, then

(2.3) H’Y+U||H871/2(r) S ||XUHHS(Q+)’

and if u € H} _(94), then

2
(2.4) I+ ellz ) S Ixullpz@,) Ixullgq,) -
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Denote the surface gradient on I by Vr; see, e.g., [11, equation (A.14)] for the
definition of this operator in terms of a parametrization of the boundary. Recall that
Vr is a bounded operator from H'(T') to (L?(I"))¢ and, furthermore, if f € H*(T),
then

(2.5) Hf“Hl(F) ~ ||VFf||L2(F) + ||fHL2(F) :

The space H'(Q_, A) is defined to be equal to {u:u € H'(Q_),Au € L?*(Q_)} and
Hll()C(Q+’ A) = {U u e Hlloc(Q+)7Au S Ll200(9+)}'

Let OF denote the normal-derivative traces on Q4 (recalling our convention that
the normal vector points out of Q_). Recall that if u € H?(Q_), then 9, u :=
n-v_(Vu), and for u € HY(Q_, A), 9, u is defined so that Green’s first identity holds
(see, e.g., [11, equation (A.29)]).

LEMMA 2.1 (Green’s first identity). With D a Lipschitz domain, if u € H' (D, A)
and v € HY(D), then

(2.6) (Onu, y0)op = / (Vu - Vv +70Au) dx,
D

where (-,-Yop denotes the duality pairing between H=/2(0D) and H'/?(0D).

Whenever we say that u satisfies Au+ k?u = —f (for a given f), we always mean
that this equation is satisfied in a distributional sense. Note that interior regularity
of the Laplacian then implies that u is C*° outside the support of f and away from
the boundary (see, e.g., [32, Theorem 4.16], [19, section 6.3.1]). Therefore, if the PDE
is posed in €4 and f has compact support, the Sommerfeld radiation condition (1.4)
can legitimately be imposed.

Later in the paper, we consider the modified Helmholtz equation Av — A?v = 0 in
Q. for A > 0 with the condition that v is bounded at infinity. Interior regularity of
the Laplacian, separation of variables, and asymptotics of modified Bessel functions
then imply that v(x) ~ exp (=Ar)r~(@=1/2 as r ;= |x| — oo, and thus both v and Vo
are in L2().

We repeatedly use the inequality

as well as the inequality

b2
(2.7) 2ab < ea® + ~ for a,b, and € > 0.

(Following [19] we refer to (2.7) as the Cauchy inequality.)

We show in the next lemma that the H'-norm of a solution of the Helmholtz
equation in Q0 can be bounded by the L2-norms of the solution and the data. Variants
of this lemma can be found in [44, Lemma 1] and [9, proof of Theorem 2.8].

LEMMA 2.2 (bounding the H! norm via the L? norm and the data). Given
k>0 and f € L*(Q4) with compact support, let u € HE (Q4,A) be a solution of the
Helmholtz equation Au + k*u = —f in Q.

(a) If either y4u =0 or d;fu =0, then for any R > supycq_ |X|, given ko > 0,

(2.8) HV“HL2(QR) Sk HU‘HL2(QR+1) +E HfHL2(Q+)
for all k > k.
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(b) If Ofu+inyru = g on T, where g € L*(T') and n € R, then, for any R >

SUPyecq_ |X|, given ko > 0,

(2.9) IVull 20y S Kl p2ip, ) + 57 120, + K2 g/l 2
for all k > k.

Proof.
(a) Let F € C'[0, R + 1] be such that (i) F =1 on [0, R], (ii) 0 < F(s) < 1 for

s € [R,R+1], (iii) F(R+ 1) =0, and (iv) there exists an M > 0 such that
(F'(s))?/F(s) < M for s € [0, R+ 1]. (This last condition can be achieved
by requiring that F' vanishes quadratically at R + 1.) Let x(x) := F(|x]).
Then yu € H'(Qgy1) with y(xu) = 0 on I'gy1 and 4 (xu) = v+ u. Applying
Green’s identity (2.6) in Qpy; with v = yu, we obtain

(2.10) / x| Vu2dx = / (K*x|ul* —aVu- Vyx + xuf) dx,
Qr41 R+1

where we have used the facts that both (9;fu,vyu)r and (Onu,y(xu))re.,
are zero.
Using the Cauchy inequality (2.7), we have

\Y
/ uVu - Vydx| < X1/2|u||Vu|| 1;2' dx
QR-%—l QR+1 X
1 2
(2.11) < E/ x| Vul? dx + —/ |u|2&dx
2 QRr41 2¢e Qr+1 X
and
_ g 2 1 2
(2.12) Yaf dx| < = xlu? dx + = x| f[7 dx
Qri1 2 Qr+41 26 Qr+1

for any € and § > 0. Choosing e = 1 and 6§ = k? and using (2.11) and (2.12)
in (2.10), we obtain

1 3k2 1 Vx|?
—/ x| Vu? dx < — xlul? dx + —/ |u|2ﬂ dx
2 QR4 2 QRr41 2 QR4 X

1 / 9
+ — x| f]7 dx.
282 Jo.,

Since x > 0 on Q41 and x = 1 on Qpg, the left-hand side of (2.13) is >
HVuHiz(QR) /2. Condition (iv) above on the function F implies that [Vx|?/x
is bounded on Qx41. Using this fact in the right-hand side of (2.13), along
with the fact that x <1 on Qr11, we obtain the result (2.8).

This is very similar to the proof of (a), with the only differences being (i) one
takes the real part of the analogue of (2.10) (to eliminate a term involving
H'YJrUH%z(r))» (ii) at the end one uses the multiplicative trace (2.4) and Cauchy

(2.13)

(2.7) inequalities to obtain

k2
2 2 2
bl S (64 5 )l +€ 190l

and then one must choose € sufficiently small when using this inequality to
obtain the result (2.9). 0
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We now prove an interpolation result that allows us to “move” bounds on the
DtN and NtD maps between Sobolev spaces. To state this result, we denote the
DtN map in Q4 by PDtN and the NtD map by PX,'tD (following the notation in
[11, section 2.7]). Pj, is defined as a map from H'/%(I") to H~'/2(I) by standard
results about the solvability of the exterior Dirichlet problem and the definition of the
normal derivative. A result of Necas [47, sections 5.1.2 and 5.2.1], [32, Theorem 4.24]
(discussed in more detail in section 3.3 below) implies that P}, \; can be extended to a
map from H (') to L?(T'), and then a representation of Pj},, in terms of boundary-
integral operators means that PgtN can be extended to a map from H*t1/2 (T") to
H*=Y2(T) for |s| < 1/2 (see [11, Theorem 2.31]). Analogous arguments show that
Py, can be extended to a map from H*~/2(T) to H*t'/2(T) for |s| < 1/2.

LemMmA 2.3. With Q4, P DtN, and PNtD defined above,

||P[J)rtNHL2(I‘)—>H*1(F) = ||P£)rtN||H1(I‘)—>L2(F) )

(2.15) HpgtN||H1/2(F)—>H—1/2(F) < ||P£thN||H1(F)—>L2(F) ’

(2.16) ||P]J\?tDHH YD) L2(T) ||P]J\?tD||L2(F)—>H1(F) ’

(2.17) [PNep - 1/2(1)—H/2(T ||PNtD||L2(F)—>H1(F) :

Proof of Lemma 2.3. By interpolation, the bound (2.15) follows from the bound
(2.14), and similarly (2.17) follows from (2.16); see, e.g., [32, Theorems B.2 and B.11].
We now prove (2.14); the proof of (2.16) is very similar. To prove (2.14), first note
that, for ¢ € L*(T),

Pino ¥)r|
) 15 pt ) _ |<DW7’,
( ) || DtN¢||H ) wEHsll(lg\{O} ||¢HH1(F)

where, in this proof, (-, -)r denotes the real duality pairing between H ~*(I") and H*(T")
for |s| <1 (ie., (¢, ¢)r = [ p1pds when ¢, € L*(I)).

Using the radiation condition (1.4) and Green’s second identity (which can be
obtained from two copies of Green’s first identity (2.6) with the roles of w and v
interchanged in the second one), one can show that

(2'19) <P£>rtN¢a ¢>F = <P5rtN¢a ¢>F

for ¢ € H'/2(I') and o) € H'/?(T'). (Note that the fact that (-,-)r is the real duality
pairing is crucial; see [54, Lemma 4.10].) By the density of H'/2(T") in L3(I), (2.19)
holds for ¢ € L*(T) and ¢ € HY(T'). Therefore, (2.18) and (2.19) imply that, for
¢ € L*(T),

+ _ |<P1J7rtN¢’¢>F| +
HPDtN¢||H_1(F) - weHsl]&l]_P)\{Q} W =~ HPDtNHHl(]_")A)[P(F) |‘¢HL2(F)7

and thus ||P tNHL2(F)—>H ry < HP tNHHl(F)_)LQ(F) . A similar argument shows the

reverse inequality, and thus we have proved (2.14). a
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3. Exterior DtN and NtD bounds for Helmholtz (Theorems 1.4 and
1.5).

Overview of the proofs of Theorems 1.4 and 1.5. Following [28], we reduce the
problem of bounding the DtN and NtD maps for solutions of Au + k?u = 0 in € to

1. bounding the solution of Au + k?u = —f in Q, with zero Dirichlet or Neu-
mann boundary conditions, and
2. bounding solutions of Av — A?v = 0 in Q, in terms of their Dirichlet and
Neumann traces.
The bounds for the first task are given by the resolvent estimates summarized in
section 3.1. The bounds for the second task are given in section 3.2.

For the bounds on the DtN and NtD maps when v, u € HY (') and 9,fu € L?(T),
we need to use bounds originally proven by Necas on the solutions of second order
strongly elliptic systems. Proofs of these bounds in the general case can be found in
[47, sections 5.1.2 and 5.2.1] and [32, Theorem 4.24]. We prove them for the Helmholtz
equation in section 3.3, however, since we need to keep track of how the constants
depend on k (and this is not done in [47, section 5] and [32, Theorem 4.24]).

3.1. Summary of resolvent estimates. The following resolvent estimates are
key components in the proofs of Theorems 1.4 and 1.5.

THEOREM 3.1 (resolvent estimates). Let f € L%(Qy) have compact support, and
let u € HL (4) be a solution to the Helmholtz equation Au+ k?*u = —f in Q4 that
satisfies the Sommerfeld radiation condition (1.4). If either

(a) Q4 is a two- or three-dimensional nontrapping domain (in the sense of Defi-

nition 1.1) and one of y+u and 9, u equals zero, or

(b) Q_ is a nontrapping polygon (in the sense of Definition 1.2) and one of yiu

and O u equals zero, or

(¢) Q_ is a two- or three-dimensional Lipschitz domain that is star-shaped (in

the sense of Definition 1.3(1)) and vyu =0,
then, given ko >0 and R > sup,cq_ [X|,

(3.1) IVull 2,y + Ellull 20 S 120y

for all k > ko (where the omitted constant depends on ko and R).

References for the proof of Theorem 3.1.

(a) The bound (3.1) was proved in [58, Theorem 7] under a condition [58, Con-
dition D’] about the propagation of singularities that was later proved to
hold when €. is nontrapping in [36], [37]. (Note that for these geometries,
we also have that u € H?(Qg), and then lull 20y < K Nfllp2(o,) bY: €8,
combining the bound (3.1) with [22, Theorem 2.3.3.2].) The bound (3.1) in
the case of zero Dirichlet boundary conditions was also proved in [44, Theo-
rem 1.2D] (using the vector field constructed in [46, section 4]) when Q. is a
two-dimensional nontrapping domain and the curvature of I' does not change
sign infinitely often.

(b) The bound (3.1) was proved when §2_ is a nontrapping polygon in [8, Corol-
lary 3] using Vainberg’s argument and the propagation of singularities results
in [40]. (Note that [8, Corollary 3] proves that kllulr2.) S [1fllz2(0,), but
then the bound (3.1) follows by using part (a) of Lemma 2.2.)

(¢) The bound (3.1) was proved when Q_ is a star-shaped Lipschitz domain in
2- or 3-d in [12, Lemma 3.5]. (Actually [12, Lemma 3.5] only proved the
result for C° star-shaped domains, but the density result in [42, Appendix
A] means that the proof works for Lipschitz star-shaped domains; see Re-
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mark 3.8). To obtain this result, Chandler-Wilde and Monk used the identity
that arises from the multiplier (1.21) and then used a certain inequality [12,
Lemma 2.1] (proved using the asymptotics of Bessel and Hankel functions) to
deal with the contribution from infinity; in [55, Lemma 2.4] it is shown that
this inequality can also be proved using the identity arising from Morawetz—
Ludwig multiplier (1.18). We note that, using a limiting argument, the bound
(3.1) was then established for star-shaped domains with no assumption on the
smoothness of I', only the assumption that if x € 4, then sx € Q4 for ev-
ery s > 1 [12, Lemma 3.8] (and thus this second result contains the result
for Lipschitz star-shaped domains as a special case). For our DtN and NtD
bounds, we need I' to be Lipschitz (so that 9, u is well-defined), and thus we
cannot use this more general result. d
Remark 3.2 (bounds on the inf-sup constant). It is a standard result that, given
a variational problem, a bound on the solution in terms of the data is equivalent
to a lower bound on the inf-sup constant; see, e.g., [51, Theorem 2.1.44] or [26,
Theorem 2.15 and Remark 2.20]. Therefore, a corollary of Theorem 3.1 is that,
under the geometric conditions in the theorem, the inf-sup constants of the standard
variational formulations of the exterior Dirichlet and Neumann problems are > 1/k.
(The standard variational formulation of the Dirichlet problem is given by, e.g., [12,
equations (3.3) and (3.4)] or [48, equation (2.6.146)], and the standard variational
formulation of the Neumann problem is given by, e.g., [48, equation (2.6.147)] or [26,
equation (3.1.5)]). The proof of this result for the Dirichlet problem is given in [12,
Lemmas 3.3 and 3.4]; the proof for the Neumann problem is identical.

3.2. Bounds on the solutions of the modified Helmholtz equation.
LEMMA 3.3 (bounds on the solutions of modified Helmholtz in terms of their
Dirichlet and Neumann traces). Let Qi be as in section 2. If v € H () satisfies
Av — \2v =0, then, given Ao > 0,
(32) HVUHL2(Q+) +A ||UHL2(Q+) S AV ||7+U|\H1/2(r)
for all X\ > \o. Furthermore, if 0;7v € L*(T), then, given \g > 0,
(3'3) ”VUHL2(Q+) +A HU”L2(Q+) 5 /\71/2 ||81J{UHL2(F)

for all X > \g.

Proof of (3.3) and references for the proof of (3.2). The bound (3.2) is proved in
[6, Proposition 1] (see also [52, Proposition 2.5.1]).

The inequality (3.3) can be proved using Green’s first identity (2.6) as follows.
Since v and Vo are in L?(€4 ), we can apply Green’s first identity (2.6) in €2, and
this yields

/ (IVo]* + N o[*)dx = —(8;f v, v4v)r.

Q4

If 9;fv € L3(T), then

(3.4) vaHiz(m) + A2 ||UH§/2(Q+) = ||8:{UHL2(F) H7+U||L2(r) .

The multiplicative trace inequality (2.4) and Cauchy’s inequality (2.7) imply that
2 _

(3.5) Iv+oliamy S A7 (1901320, + X0l )

and then using (3.5) in the right-hand side of (3.4), we obtain (3.3). O
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Remark 3.4 (sharpness of the bounds in Lemma 3.3). The bounds (3.2) and (3.3)
are sharp in their A-dependence in both 2- and 3-d.
Indeed, when Q_ is the unit ball there exists a v(!) € H'(Q) satisfying Av(}) —
A2y =0 and
1 1
(3.6) [l )HHS(F) ~ |y )HHt(r)
for any s and ¢t. (This can be shown using almost identical arguments to those in

Lemma 3.12.) Using the definition of the normal derivative, one can show that the
bound (3.2) implies the bound

(37) Ha:UHHfl/z(F) /S A ||’Y+UHH1/2(F) )

see [29, Lemma 15] and [52, Proposition 2.5.2]. The asymptotics (3.6) then show that
(3.7) is sharp, and thus so is (3.2). Finally, using (3.5) we see that (3.3) implies that
Mvsvllee@y S 10 ]l L2ry, and thus the asymptotics (3.6) show that (3.3) is sharp.

3.3. DtN and NtD bounds modulo terms in the domain. In this section
we prove the k-explicit version of Ne€as’ result [47, sections 5.1.2 and 5.2.1], [32,
Theorem 4.24] applied to solutions of Au+ k*u = —f in Q, i.e., bounds on the DtN
and NtD maps in H(T')-L?(T") with the H'-norm of u in 0, and the L?-norm of f
in Q4 appearing on the right-hand sides.

LEMMA 3.5 (DtN and NtD bounds in H*(I')-L?*(T') modulo terms in the do-
main). Let Q4 be as in section 2. Given f € L*(Q) with compact support, let
u € HL . (Q4,A) be a solution to Au+ k*u= —f, and let R > supycq_ |X|.

(i) If yvyu € HY(T), then 8;fu € L*(T) and

(3.8)

2
H@J{UHLz(F) S HVF(7+U)HQL2(F) + Hqui?(QR) +k° HUHQL2(QR) + ||fH2L2(Q+) :
(i) If 0w € L*(T), then yyu € HY(T) and

2 2 2
||VF(“/+U)||L2(F) S ||8:u||L2(]_") + K ||A/+U||L2(F)

(3.9) +1Vullf 20 + B [ullza, + 11720y

To prove Lemma 3.5, we use a Rellich-type identity and its integrated form (Lem-
mas 3.6 and 3.7, respectively).

LEMMA 3.6 (a Rellich-type identity). Let v be a complexz-valued C? function on
some set D C R?, let Lv := Av + k?v, and let Z € (CY(D))? be real-valued. Then,
with the summation convention,

WR(Z - VoLlv) =V - [23%(2 Vo) + (Ko — |vu|2)z}
(3.10) + (V- Z)(|Vo]* = k*|[v|*) — 2R(9;Z;0,00,v).

Proof. Expand the divergence on the right-hand side. (See, e.g., [55, Lemma 2.1]
for more details.) O

Identities of the form MuvLv, where Muv is a derivative of v, are associated with
the name of Rellich due to Rellich’s introduction of the multiplier Mv = x - Vv in
[50]. Multipliers consisting of linear combinations of derivatives of v and v itself were
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introduced by Morawetz for the wave equation in [43] and the Helmholtz equation in
[45], [44]. (See [55, Remark 2.7] for more bibliographic details.)

LEMMA 3.7 (integrated version of the Rellich-type identity). For D a Lipschitz
domain, define the space V' by

(3.11) V= {v v e HY(D), Av € L3(D), v € HY(OD), dv € L2(8D)}.
If Z € (CY(D))? is real-valued and v € V, then

/ (2%(2 Vv L) — (V- Z)(|Vo]* = *|v]?) + 2%(aizjaivm)>dx
D

(3.12) = /8D [23?(Z Vv 0v) + (K |y]? = [Vo|*) (Z - n)}ds,

where the expression Vv in the integral on 0D is understood as Vr(vyv) + no,v, and
n is the outward-pointing, unit, normal vector to D.

Proof. This is a consequence of the divergence theorem applied to the identity
(3.10). The divergence theorem [, V-Fdx = [, F-nds is valid when Q is Lipschitz
and F € (C1(D))? [32, Theorem 3.34]. In [42, Appendix A] it is proved that D(D) :=
{U|p : U € C>®(R%)} is dense in V, and thus (3.12) holds for any v € V. O

Proof of Lemma 3.5. The fact that v, u € HY(T') implies that 9;7u € L?(T'), and
vice versa, was proved by Necas in [47, sections 5.1.2 and 5.2.1] (see also [32, Theorem
4.24]) using the identity (3.10). Instead of repeating Necas’ proof keeping track of
the dependence on k, we use his regularity result to justify applying the integrated
identity (3.12) in Q.

If R > supycq_|x|, then u € Vg, where the space Vg is defined by (3.11) with
D replaced by Qp. Indeed, (i) u € H} (Q4,A) implies that v € H'(Vg, A), (i) if
yiu € HY(T), then 9;7u € L?(T') by Necas’ regularity result and vice versa, and (iii)
interior H?-regularity of the Laplacian (see, e.g., [19, section 6.3.1, Theorem 1] or [32,
Theorem 4.16]) implies that yu € H*(I'g) and du/0n € L*(Tr).

Since u € Vg, the identity (3.12) holds with D replaced by Qg, v replaced by u,
and Z any real-valued, C"' vector field, i.e.,

/ (Z-0) (|0 ul* + K2yl = [Ve(r) ) + 2R (2 Vel w)ou) ds

Tul'g

(3.13) +/ 2R(Z-Vu f) + (V- Z) (|Vul> = K*[u]*) — 2R(8;Z;0;ud;u) dx = 0.
Qr

We now choose Z to be such that (a) there exists a ¢ > 0 such that essinfxer Z(x) -
n(x) > ¢, and (b) supp(Z) C Bg (and thus Z = 0 on I'g); such a Z exists by, e.g.,
[22, Lemma 1.5.1.9].

Rearranging the identity (3.13) and then using the facts (a) and (b) above along
with the Cauchy—Schwarz inequality, we obtain that

2
‘|8:{U‘|L2(F) 5 HVF(PYJru)Hi?(F) + HVF(PYJru)HL?(F) Ha:{uHLz(l—‘)
+IVull 2o 122 + HVU”;(QR) + kK ||UH2L2(QR) :

Using the Cauchy inequality (2.7) on the second and third terms on the right-hand
side, we obtain the DtN bound (3.8). The NtD bound (3.9) follows from the identity
(3.13) in a similar way. O

Remark 3.8 (bounds in Lipschitz star-shaped domains). The density result in [42,
Appendix A] that was used in the proof of Lemma 3.7 shows that the identities arising
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from the multipliers (1.18) and (1.21) hold when the domains are Lipschitz. Therefore,
the DtN bound (1.17) obtained by Morawetz and Ludwig in [45] and the bound on the
interior impedance problem (1.22) obtained by Melenk in [33, Proposition 8.1.4] and
Cummings and Feng in [15, Theorem 1] hold when Q_ is Lipschitz and star-shaped
with respect to a ball (in the sense of Definition 1.3(ii)).

3.4. Proofs of Theorems 1.4 and 1.5.
Proof of Theorem 1.4. Let a be such that a > sup,. [x| and let { € C>(Q4)
be such that

(x)=0 for |x|>a+1 and ((x)=1 for [|x|<a.
We consider v4u as known and define v € H*(Q4) as the solution of
Av—Xv=0 inQy and yv=9.u onT
with v(x) — 0 as 7 — co. Given v, we define h € L?(2,) by
(3.14) h:= —(k? + A\?)Cv — vAC — 2V( - Vo

(note that since ¢ has compact support, so does h), and we then define w € H{_(Q4)
as the solution of

Aw+k*w=h inQ, and ~yw=0 onl,

satisfying the Sommerfeld radiation condition (1.4).

The whole point of these definitions is that u := (v 4+ w is then a solution of
the homogeneous Helmholtz equation satisfying the Sommerfeld radiation condition,
and, furthermore, y4u = vy4u. By uniqueness, u = u, and thus we have expressed u
in terms of a solution of the inhomogeneous Helmholtz equation with zero Dirichlet
trace, i.e., w, and a solution of the homogeneous modified Helmholtz equation with
nonzero Dirichlet trace, i.e., v. (This result can therefore be understood as a kind of
“gluing” theorem.)

Using the triangle inequality and the resolvent estimate (3.1) we have that, given
ko >0,

190ll 2 gy + 1l 2y S 1900 22y + K 1ol 2y + Wl 22am)
for all k > ko. The definition of h, (3.14), implies that

(3.15) 1”22,y S VOl 2@,y + (K + %) 1ol 20,y »
and thus
(3.16) IVull 2oy + Ellull 2o S IVl 2@y + (K + %) vl z2(0p) -

Using the bound on the modified Helmholtz equation (3.2) and the fact that v, v =
Yi+u, we have

k4 N
BID IVl + iz A7 (14 552 Il

Choosing A = k minimizes the power of k in the factor in front of |[viul| g1/2(r); thus
we obtain

(3.18) IVull p20y + R llull 20y S F22 vl gasegry -
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We now use Lemma 3.5 (the k-explicit version of Necas’ result) to obtain the
bounds from H'(T') to L?(T") (1.6) and (1.7), and we then use the interpolation result
(2.15) from Lemma 2.3 to obtain the bound (1.5) from (1.6). Indeed, the bounds (3.8)
and (3.18) imply that

2 2 2 2
(3819)  [|0Full7aiy S IVECw i + K2 lrsulllay + 5 veulin s
we use 1 (3. the fact that ||[yiu| g1/2 S Y+ g1y, We obtaln the boun
If in (3.19) the f h H(F)< HY(I) btain the bound
(1.6). Alternatively, the interpolation result
2
||’Y+UHH1/2(F) < ||"/+U||L2(F) ||’Y+UHH1(P) )

[32, Lemma B.1 and Theorem B.11], the norm equivalence (2.5), and the Cauchy
inequality (2.7) imply that

(3.20) H7+U||§{1/2(r) S % (é HVF(7+U)H22(F) + (5k2 + é) ||7+U|2L2(F))
for any £ > 0. Using (3.20) in (3.19) yields

105 w7y S IV Gy + K2 sl Fagry
(3:21) 1 (I9r Gl + (o4 + 2 ) sl )

We now aim to make the right-hand side of (3.21) a multiple of the weighted-H(T")
norm squared. The choice € = 1 minimizes the power of k£ in front of the weighted
norm, and thus (3.21) becomes the result (1.7). 0

Proof of Theorem 1.5. Our goal is again to define v and w so that u = (v + w,
but this time 9, u is considered as known. We therefore define v € H'(€2) as the
solution of

Av—>v=0 inQy and Jfv=0 u onl

with v(x) — 0 as r — co. Given v, we define h again by (3.14), and w € H} (Q4) as
the solution of

Aw+kw=h inQ, and Jfw=0 onT,

satisfying the Sommerfeld radiation condition.
By using the bound on A (3.15) and the resolvent estimate (3.1), we again have
that (3.16) holds.
Using the bound on v (3.3) in (3.16), we obtain
1 K2+ X2\ oy
Vel + el S 5375 (15 ) 10l gy

When A = k£ this bound becomes
(3.22) IVull 2 T E lull p2@p) S k2 H@J{UHLQ(F) ;

and then the multiplicative trace inequality (2.4) and the Cauchy inequality (2.7)
imply that

2 2 2 2
(3:23) B lvulae S E(IVl 20 5 Nuliaqn ) S #1105 -
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Using the bounds (3.22) and (3.23) in (3.9) (the k-explicit version of Necas’ result),
we obtain the bound (1.9). This bound implies that ||y; ul| g1y S k|05 ul|L2r), and
then the interpolation result (2.17) from Lemma 2.3 implies the bound (1.8). O
Remark 3.9 (the difference between the argument here and the argument in [28]).
As discussed in section 1, the paper [28] proves the bounds (1.20) on the DtN and NtD
maps in the trace spaces when Q4 is nontrapping (in the sense of Definition 1.1). The
main differences between our argument for these spaces and theirs are the following:
(i) We use sharper bounds on the solution of the modified Helmholtz equation with
Dirichlet boundary conditions ((3.2) instead of the bound || Vv| 2 )+ Al|v]l 220,y S
M40l grrzry). (i) We use the Necas result (3.8) to bound [|0;f u/|2(r), and then
use interpolation to bound [|0,f ul| gr-1/2(r), whereas [28] effectively uses the fact that

(324) ||8:Lru||H_1/2(F) < ||8:Lru||L2(F) /S ||u||H2(QR)

and then uses the resolvent estimate on the H2-norm. (We say “effectively” because
28] bounds |0, ul| gy-1/2(ry by bounding [|0;f v[| gr-1/2(ry and [0 wl| gr-1/2(r), and the
inequalities (3.24) are used to obtain a bound on ||0;f wl| gr—1/2(r).)

3.5. How sharp are the DtN and NtD bounds? This section is devoted to
proving the following lemma.

LEMMA 3.10 (sharpness of the DtN and NtD maps). Let d = 2 or 3. If the
bounds on the DtN map

Ha:uHH—l/z(p) 5 A ||7+u||H1/2(F) )
||8;_u||L2(F) S B H’Y"I‘uHHl(F) ) and
(3.25) 0wl 2y S CUVEOw)ll 2y + Dk Iysull g2y

hold for all nontrapping domains (in the sense of Definition 1.1) or for all Lipschitz
domains that are star-shaped (in the sense of Definition 1.3(i)), then

Azk, Bzk Cz1, D21
If the bounds on the NtD map
H’HUHHl/z(r) SE H@J{UHH_l/z(F)
and
(Ve sl oy + sl ey ) S F 107 ]l o

hold for all nontrapping domains (in the sense of Definition 1.1), or for all Lipschitz
domains that are star-shaped (in the sense of Definition 1.3(i)), then

E>KY3 and F > k'3

COROLLARY 3.11. The bound on the DtN map from H*(T') to L*(T') for two- and
three-dimensional 2_ that are Lipschitz and star-shaped with respect to a ball given
by Morawetz and Ludwig in [45] (i.e., (3.25) with C ~1,D ~ 1) is sharp.

Lemma 3.10 is proved by considering the specific case of Q_ the unit ball. (Note
that in this section we use the notation that a < b if a/b — 0 as k — oo, and a > b
itb < a.)

LEMMA 3.12. If Q_ = By (the unit ball) in 2- or 3-d, then there exists a u(*) €
HL (Qy) that has 9uV) € L2(T) and satisfies AuV) + k*>uV) = 0, the Sommerfeld
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radiation condition (1.4), and the asymptotics

(326) [0 u ] sy ~ Fllre e e

(3.27) Ha:{u(l)HLz(r) ~ kHA/Jr”(l)HHl(r)’

B8 0 gy ~ ety and [V g =0
as k — oo.

Furthermore, given any increasing function of k, E(k), there exists a u? €
HL (Qy) that has 9 u® € L2(T) and satisfies Au® + k*u®) = 0, the Sommerfeld
radiation condition (1.4), and the asymptotics
(3.29)

||5f{u(2)HL2(F) ~ ||VF('7+U(2))HL2(F) and ||VF(7+U(2))HL2(F) >>5(k)k||7+u(2)HL2(r)7

as k — oo.
Finally there ezists a u®® € H} (Q) that has 9;fu® € L*(T') and satisfies
Au® + k2u® =0, the Sommerfeld radiation condition (1.4), and the asymptotics

(3.30) ||’Y+“(3)HH1/2<F> ~ k1/3‘|agu<3>||H_1/2(F),
(3.31) ||VF(’Y+U(3))||L2(F) + k}|7+u(3)}|p(p) ~ k”‘”’}|3iu<3’||m<ry
as k — oo.

Proof of Lemma 3.10 using Lemma 3.12. The asymptotics (3.26) imply that
A 2 k, the asymptotics (3.27) imply that B = k, and the asymptotics (3.28) imply
that D 2 1. The asymptotics (3.29) then imply that C' = 1. Note that, for this last
implication, the arbitrary increasing function D(k) is needed in (3.29) since, although
(3.28) implies that D in (3.25) must be > 1, we cannot rule out the possibility that
D grows with k. The second bound in (3.29) ensures that C||Vp(v4u®)||p2(r) is the
dominant term on the right-hand side of (3.25), regardless of any potential growth in
D. Finally, the asymptotics (3.30) imply that E > k/3, and the asymptotics (3.31)
imply that F > k'/3. d

Proof of Lemma 3.12. We first consider the two-dimensional case. The functions
Uy, defined by

HY (kr)

imé
,(nl)(k) e mez,

U (1, 0) 1=

L.(Q4) and satisfy Au,, + k*u,, = 0, the Sommerfeld radiation condition,
and 9,7 u,, € L?(T). Furthermore, v, u, () = exp (im#) and

are in Hi

du aY (k) |
+ _ m _ m imé
O um (0) = o (1,6) kir(nl)(k) e,

Define the Fourier transform of a function f : [0,27] — C by f(n) = fozﬂ exp (—inf)

f(0)dd. We then have that u,,(1,0)(n) = 27 dnm, and the definition of Sobolev
spaces on I in terms of the Fourier transform implies that ||y, ||? sy ~ (14 m?)*,

HVF(’YJrUm)||2L2(F) ~m?, and

Nz, (k)
M, (k)

||5,J{umHZS(F) ~ k2 (1+m2)5,
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where

Non(k) i= | HY' (k)

o Mu(k) = D)

and ~ is meant as in section 2 but with the omitted constant independent of k& and
m. As k — oo with m fixed, N, (k) ~ M,,(k) [1, equations (9.2.28) and (9.2.30)].
Therefore, the bounds (3.26)(3.28) hold with u™) := .

To prove that there exists a u(?) satisfying (3.29), first note that ||V (4 um)|| 2
~ m and |4 Uml[z2(r) ~ k. Therefore, to prove that (3.29) holds, we need to show

that, given any D(k), there exists an m (as a function of k) such that

N, (k) 2
M%(k)wm as k — oo.

(3.32) m> D(k)k*> and k>

We now use the uniform asymptotic expansions of Hl(,l)(uz) and Hl(,l)/(uz) as
v — oo (uniform for all z € (0,00)), aiming to ultimately let v = m and z = k/m.
The condition that m > D(k)k? as k — oo for some increasing function D (k) certainly

implies that m > k as k — oo. Therefore, when looking at Hl(,l)(uz) and H,El)/(uz),
we are interested in the case that z — 0. .

Using the uniform asymptotic expansions of H,El)(l/z) and H,gl) (vz) given by,
e.g., [1, equations (9.3.37) and (9.3.45)] or [49, equations (10.20.6) and (10.20.9)], we
find that

. ) . 2
B ¢) + e2mi/3 Aife)

L1/3

as v — 00,

e ()

. . i’ (a :
) aruadtia )

uniformly for z € (0,00), where o := exp (27i/3)1?/3¢,
2 1+v1—22
§C3/2 .= log (#) —V1- 22
z

Co(€) is a function that ~ ¢%/2 when z — 0 and v — oo, and By(() is a function that
~ —("Y2 when z — 0 and v — oco. Since ¢ and v are both real, a € exp (27i/3)R.
If z — 0, then ¢(z) ~ [log(1/2)]*/3, and then a — o0 as v — oo and z — 0. The
asymptotics of Ai(a) and Ai'(«) are then given by

e B

)~ g et

and  Ai'(a) ~ —a/? Ai(a)  as a — oo,

where 3 := 2a%/2 /3 [49, equations (9.7.5) and (9.7.6)]. Using these asymptotics, and
the fact that exp (27i/3)a!/? = —v¥/3¢1/2 we find that

NE(Vz) 1— 22 Co(¢) + V(l/z
(3.33) M2(vz) ™ ( = ) v+ (72Bo(0)

Using the facts that ¢ — oo, Co(¢) ~ ¢'/2, and By({) ~ —¢~? as v — oo and z — 0,
we have that

2

NEwz) 1

M2(vz) 22
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as v — oo and z — 0. If we let v = m and z = k/m, then this implies that
JNAR)
M, (k)
as k — oo and m — oo with m > k. Therefore, given any increasing function of £,
D(k), if we choose m to be a function of k such that m > D(k)k? and let u? := u,,,

then the asymptotics (3.32) (and thus also the asymptotics (3.29)) hold.
Finally, we let u(® := u;. The definition of u,, above implies that

[v4vwmll ey Moo (k) (1+m?2)1/?
[ unllsa, ~ Nnl®) R

(3.34)

The asymptotics
(3.35) Ni(k) ~ k722 and My (k) ~ k=173

[1, equations (9.3.31)—(9.3.34)], [49, equations (10.19.9) and (10.19.13)] then imply
(3.30). Similarly, the asymptotics (3.35) also imply (3.31).
In the three-dimensional case the argument proceeds almost exactly as before
with
(1
Upm (1,0, ) = hl(T(kr)
hy (k)
where Y} ,,, (0, ¢) are the spherical harmonics defined by [49, equation (14.30.1)]. (Note
that [ now plays the role that m played in the two-dimensional case.) The asymptotics
(3.26)(3.28) are satisfied if u(") := ug o, the asymptotics (3.29) are satisfied if u(?) :=
uy,0 and [ is taken to be > D(k)k?, and the asymptotics (3.30) and (3.31) are satisfied
with u(® = U0 a
Remark 3.13 (How sharp is Babich’s bound on the NtD map?). We have ||v4
U || Loy = 1 and |0 tm || Loo(ry = ENpm (k) /My, (k). If m = k, then this last quantity
~ k?/3 as k — oo, and therefore the bound (1.19) on the NtD map is at most k/6
away from being sharp.

Yim(0,0), 1€ZT, m=—1,...,1,

4. Bounds on the interior and exterior impedance problems. In this
section we prove Theorems 1.6 and 1.8. We go through the argument for Theorem
1.6 (which concerns the interior problem) in sections 4.1-4.2 and then outline the
necessary modifications to prove Theorem 1.8 (which concerns the exterior problem)
in section 4.3.

We begin by defining precisely what we mean when we say that a function u
satisfies the interior impedance problem.

DEFINITION 4.1 (interior impedance problem). Given a bounded Lipschitz do-
main Q_ C RY d = 2,3, with boundary T, functions f € (HY(Q_)) and g €
H-Y2(T), and n € R\ {0}, we say that u € H'(Q_) satisfies the interior impedance
problem if

(4.1) a(u,v) = F(v) for allv e H'(Q),

where

(4.2)

a(u,v) :z/ (Vu-Vo—k?uv) dx—in/’y_u’y_—vds and F(v):= (f,v)a_+{g,7-v)r,
_ r

where (-, )a_ and (-,-)r denote the duality pairings on Q_ and T, respectively.
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Therefore, the condition that u satisfies the PDE and boundary conditions (1.10)
in Theorem 1.6 is to be understood as u satisfying the variational problem (4.1).

Green’s first identity can be used to show that if n € R, then the solution to the
interior impedance problem is unique; see, e.g., [18, Example 2.1]. The sesquilinear
form a(-, -) satisfies a Garding inequality, and then Fredholm theory gives the existence
of a solution to the variational problem (4.1); see, e.g., [51, Theorem 2.1.60], [32,
Theorem 2.34].

To prove Theorem 1.6, we use the argument that Esterhazy and Melenk used
to prove the bound (1.24) (which is closely related to the argument that Feng and
Sheen used to prove the bound (1.23)—see Remark 4.9). This argument consists of
the following two steps.

Step 1. Bound the solution of the interior impedance problem with f = 0 in
terms of g. To do this, use Green’s integral representation and bounds on the integral
operators to bound u in terms of its Cauchy data (9,, u and y_u), and then bound
the Cauchy data by ¢ using Green’s first identity.

Step 2. Convert the inhomogeneous problem (i.e., with f # 0) into a homogenous
one by using the Newtonian potential. Then use bounds on the Newtonian potential
(also known as free resolvent estimates) along with the bounds obtained in Step 1 to
obtain a bound on the solution of the interior impedance problem with f # 0.

Our improved bounds in Theorem 1.6 are the result of improved layer-potential
bounds in Step 1. For completeness we also give the (short) argument in Step 2,
although it is identical to that appearing in [18, section 2.1]. Before we present these
arguments, we sketch a proof of Corollary 1.7.

References for the proof of Corollary 1.7. The argument that shows that the
bound (1.11) can be used to prove the bound (1.14) can be found in, e.g., [18, Theo-
rem 2.5] or [12, text between Lemmas 3.3 and 3.4]. The result (1.15) about the inf-sup
constant then follows from, e.g., [51, Theorem 2.1.44]. O

4.1. Bounds on the problem with f = 0 (Step 1). We begin by recalling the
fairly well-known result that the Cauchy data of the solution to the interior impedance
problem with f = 0 can be bounded in terms of the impedance data g. (This is given
in [12, equations (4.26) and (4.27)] and [18, Lemma 2.2].)

LEMMA 4.2. Ifu € HY(Q_) satisfies the interior impedance problem of Defini-
tion 4.1 with f =0 and g € L*(T"), then

_ 1
(4.3) Han UHLz(p) < HQHL2(F) and ||’77U||L2(1‘) < m Hg||L2(F)'

Proof. Since u € H*(Q2_, A) we can apply Green’s first identity (2.6) in Q_ with
v = u and take the imaginary part to obtain

(4.4) E‘s/ J-u 0,, uds = 0.
r

Using the impedance boundary condition (which holds as an equation in L?(T) as a
consequence of the variational problem (4.1) and the definition of the normal deriva-
tive) to express 0, u in (4.4) in terms of y_u and g yields

(4.5) nly-ulfem +S [ 7ugds =0.
() .

Then, using the Cauchy—Schwarz inequality on the second term in (4.5), we obtain the
second bound in (4.3). Similarly, using the impedance boundary condition to express
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v—u in (4.4) in terms of J, u and g and then using the Cauchy—Schwarz inequality
yields the first bound in (4.3). O

We now recall some facts about layer potentials. For ¢ € L?(T'), the single- and
double-layer potentials are defined by

(4.6)

5100 i= [ ulxy)oly)dsty), Duol) = [ )

d
T on) p(y)ds(y), x€R\T,

where @ (x,y) is defined by (1.27).
If x € Cp(RY), [s] <1/2, and k > 0, then

XSk : HS7VA) — H*YRY)  and  xDy : HPY2(D) — HL(Qy).

For |s| < 1/2 these mapping properties can be obtained from Green’s integral repre-
sentation and mapping properties of the Newtonian potential; see [14, Theorem 1],
[51, Theorem 3.1.16], or [32, Theorems 6.11 and 6.12]. To establish the properties in
the limit cases of s = £1/2, one needs the harmonic analysis results summarized in,
e.g., [11, Theorems 2.15 and 2.16]. (Note that the mapping properties for |s| < 1/2
can be obtained from those for s = +1/2 by interpolation.)

LEMMA 4.3 (bounds on the single- and double-layer potentials for Lipschitz T').
Let d = 2 or 3. With Sk and Dy defined by (4.6), if x € ngmp(Rd), then, given
ko >0,

1/2 E1/2

(4.7) ||XSk||L2(F)—>L2(Rd) SkT and HXDkHL2(F)—>L2(Rd) S

for all k > k.

While this paper was being written, Han and Tacy [23] also investigated the
wavenumber-dependence of the norms of the single- and double-layer potentials. By
using results about quasimodes and their restrictions to the boundary, Han and Tacy
proved sharper bounds than those in Lemma 4.3 in the case that I' is piecewise smooth.

LEMMA 4.4 (bounds on the single- and double-layer potentials for piecewise
smooth I" [23, Theorems 1.1 and 1.4]). Assume that I' is piecewise smooth. With
Sk and Dy defined by (4.6), if x € C5pp(RY), then, given ko > 0,

(4.8) ||X8k||L2(F)HL2(Rd) S kY and HXDk||L2(F)%L2(Rd) S

for all k > k.

Note that the bound on Sy, in (4.8) is sharp if I' contains a flat piece (in either 2-
or 3-d) [23, section 4.1], and the the bound on Dy, is sharp if Q_ is a two-dimensional
ball [23, section 4.2].

Remark 4.5 (comparison of the bounds in Lemma 4.3 with previously obtained
bounds). In [20, Theorems 3.4 and 4.5 and Lemma 3.5] Feng and Sheen prove that

(4.9) HXSk||L2(F)_>L2(Rd) <1 and ||XDkHL2(r)—>L2(Rd) S1+k

for all & > 0. These bounds are then used to prove the bound on the interior
impedance problem (1.23). A consequence of [34, Theorems 4.1 and 4.2] is that,
given kg > 0,

(4.10) HXSIC||H*1(F)—>L2(Rd) Sk and HXDk||L2(F)—>L2(Rd) Sk
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for all & > ko, and these are the bounds that Esterhazy and Melenk used to ob-
tain (1.24). We note that, first, this involves using the generous estimate that
XSkl L2(r)— L2 Ry < [IXSkIl -1 (1)—> £2(Ray and, second, that the novel decompositions
introduced in [34] that (4.10) are consequences of are not designed to produce sharp
norm bounds. Indeed, the decompositions in [34] split these operators into parts with
finite regularity but k-independent norm bounds and parts that are strongly smooth-
ing with k-explicit bounds for their derivatives; these properties are then key in the
analysis of the hp boundary element method in [31].

Proof of Lemma 4.3. The idea of the proof is to obtain the bounds on Sy and Dy
in (4.7) by using, first, the definition of these operators in terms of the Newtonian
potential and, second, bounds on the Newtonian potential (the so-called free resolvent
estimates). We begin by recalling some facts about the Newtonian potential and these
estimates.

Given f € L%(R?) with compact support, let Ny f be the Newtonian potential of
f defined by

(4.11) Ny f(x) ::/ p(x,y) f(y)dy, xR

Rd

If x1 and x2 are both in Cé’g’mp(Rd)7 then x1Nixe : H*(RY) — H**t2(R9) for any
s € R [32, Theorem 6.1]. We have that (A + k*)N%(f) = —f [32, Theorems 6.1 and
9.4] and N}, f satisfies the Sommerfeld radiation condition (1.4). Furthermore, for any

R >0 and kg > 0,
(4.12) F NG ) + INkF Il @) + EINVES |2y S 1122 ray

for all k > ko, where the omitted constant depends only on R and k. This bound
is known as the free resolvent estimate (“free” in the sense that, compared to the
resolvent estimate in Theorem 3.1, there is no obstacle) and was proved by Vainberg
in [58, Theorems 3 and 4]. (For some discussion on the appearances of this type of
estimate in the literature, see [11, Remark 5.9].)

The adjoint of Ny, N is defined by

pf(x) = /Rd r(y,x) f(y)dy, xeR%

We have that N} f = Ny f, and so the estimate (4.12) holds also for AV}.
The definitions of the single- and double-layer potentials (4.6) imply that, for
€ L) and f € ng’mp(Rd),

(4.13) (Skth, f)ga = (0 ANLF) e and  (Dith, ) e = (8,0 NLS) 1

where (-, -)ga denotes the L2-inner product on RY, and (-,-)r denotes the L2-inner
product on T see [32, p. 202], [51, Definition 3.1.5]. (Note that the Dirichlet and
Neumann traces in (4.13) can be taken to be those from either the interior or the
exterior. This is because N f and its derivative are continuous across I' due to the
mapping properties of N and the fact that f € ngmp(Rd).)

Using the first equation in (4.13), the Cauchy—Schwarz inequality, and the mul-
tiplicative trace inequality (2.2), we obtain that, with ¢» € L?(T') and x and f €
O (RY),

comp

1/2
|OcSkts £pal < 1902y IWNEF 2y S 19002y (”Nl;fHL%QR) ||N12f||H1(QR))
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for any R > supycq_ |x|. Using the resolvent estimate (4.12), this last inequality
becomes

(4.14) |(x31c¢, f)Rd} Sk ||¢||L2(r) ||f||L2(]Rd) :

The inequality (4.14) holds for all f € ngmp(Rd), and thus for all f € L2(R?) by the
density of 0 (R%) in L?(RY). Therefore, we have that

comp
| (X8k¢7 f)Rd|
rer2®dy,f20 1 fll2me

1
||X8kw||L2(]Rd) = SJ k1/2 ||w||L2(]_") )
and the bound on ||xSk||2(r)— L2(re) in (4.7) follows.

Similarly, with ¢ € L*(T") and y and f € ngmp(Rd),

(4.15) |(XDk1/)7f)Rd‘ < ||¢||L2(F) ||8anéf||L2(F) '

Since N} f € H?(R?), we have 0,N|f = n-vV(N]f), and then the multiplicative
trace inequality (2.2) implies that

1/2
(4.16) 10N Flary S (N iy IV 2y )

for any R > sup,cq_|x|. Using (4.16) and the resolvent estimate (4.12) in (4.15) we
obtain that

|(XDrt, f)ga| S K2 191 2y 1f 1| p2(ay »

and then the bound on ||[xDylL2(r)— 12(re) in (4.7) follows. |

To prove the following lemma, we first use Green’s integral representation and the
bounds on the layer potentials given by (4.7) and (4.8) to bound the solution of the
homogeneous Helmholtz equation in terms of its Cauchy data. We then use Lemma
4.2 to bound the Cauchy data by ||gz2(r).

LEMMA 4.6. Let u € HY(2_) be the solution of the interior impedance problem
of Definition 4.1 with f =0 and g € L*(T'). Then, given ko > 0,

k

(4.17) IVl y + lellza y S 172 (1 ) ol

for all k > ko. Furthermore, if I' is piecewise smooth, then, given kg > 0,
k

(4.15) 9l + el y S (8404 25 lallage

for all k > k.
Proof. Green’s integral representation implies that v = S0, u — Dyy_u [32,
Theorem 7.5], and then the bounds (4.7) on S and Dy, imply that, given kg > 0,

(419) ||u||L2(Qi) ,S k71/2 (Harjunlg(p) +k ||’Y—u||L2(F))
for all k > ko. The bounds (4.3) on the Cauchy data then imply that
(420) lull sy < K2 (14 25 ) ol

: L2(Q_) ~ |T]| g L2(T)

which is the bound on [Jul[z2(q_) in (4.17).
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To obtain the bound on [[Vul| 2 ) in (4.17), we apply Green’s first identity
(2.6) in 2_ with v = uw and use the impedance boundary condition to obtain

IVulBao ) — B ey = in -l + / g7ads,

Taking the real part of this equation, using the Cauchy—Schwarz inequality, and then
using the second bound in (4.3), we obtain that
2 2 1 2
||vu||L2(Q,) Sk HUHL2(Q,) + m ||g||L2(r) :

Using the bound (4.20) in the term involving [|ul[z2(q_), we obtain the bound on
[Vul[r2(q_y in (4.17) and hence the result (4.17) itself. The improved result (4.18)
when I' is piecewise smooth follows in a similar way by using the bounds (4.8) instead
of (4.7). O

COROLLARY 4.7. If u satisfies the interior impedance problem of Definition 4.1
with f =0 and g € L*(T), then, given ko > 0,

k
(4.21) Ve (v-w)ll 2y S B2 (1 + W) 91l 22 ry

for all k > kg. Furthermore, if I is piecewise smooth, then, given ky > 0,

k
(4.22) Ve G-l £ (K74 + ) lallixg

for all k > k.
Proof. Repeating the argument in the proof of Lemma 3.5 for )_ instead of 2,
we obtain the bound

2 o2 2 2 2
(4.23) [Vr(v-u)llz2m S 10, U’HL2(F) +k? lv-ullzzmy + IVullpeq )+ k? lullz2)

(recalling that f = 0). The result (4.21) follows from (4.23) using the bounds on
105 ull 2 ry and ||y—u| p2(ry in (4.3) and the bounds on ||Vul[z2(q_) and [Jul| 2 ) in
(4.17). The result (4.22) follows in a similar way by using the bound (4.18) instead
of (4.17). O

Remark 4.8. 1f u satisfies the interior impedance problem with f = 0 and g €
L?(T) and Q_ is star-shaped with respect to a ball (in the sense of Definition 1.3(ii)),
then, given kg > 0,

k
(4.24) 195 (v )l (1 ; m) T

for all k > ko. (Note that our bound for general Lipschitz Q_, (4.21), is a factor of
k2 worse.)

The bound (4.24) can be proved in one of two ways. The first consists of using
the bound on the solution in the domain (1.22) and the bounds on the Cauchy data
(4.3) in the bound (4.23). The second consists of using the fact that, under the star-
shapedness assumption, integrating the identity arising from the multiplier (1.21) over
Q_ shows that, given kg > 0,

HVF(PY*U)HL?(F) < ||5;UHL2(F) +k HV*UHL?(F)

for all k > ko, and then (4.24) follows by using the bounds (4.3). The bound (4.24)
was proved in [12, proof of Lemma 4.5, equation (4.28)] via the second method.
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4.2. Bounds on the problem with nonzero f (Step 2).

Proof of Theorem 1.6 using Lemma 4.6. The strategy is to reduce the problem
with f # 0 into a problem with f = 0 and then use Lemma 4.6.

Given f € L?(Q2_), let ug := N f. The bound (4.12) then holds for uy with the
norms on the left-hand side all on Q_. If g := g — (9, uo — iny—uo), then we have
that w := u — ug satisfies

ATL+ku=0 inQ_ and 9 ,u—inyu=g onl.

Using the triangle inequality, the bound (4.17) for @, and the resolvent estimate (4.12)
for ug, we obtain that

k -
(4.25) IVull 2oy + KNl ooy S K72 (1 + W) 192y + 112y -

Therefore, we only need to bound |[g|[z2ry in terms of ||g||z2ry and || f[|z2(q_). The
definition of g implies that

|‘§|‘L2(F) < HgHL2(F) + ||87:u0HL2(F) + |77| |‘7—u0||L2(F) :

Since ug € H?(2_), we have that 9, u = n-v(Vuy), and then using the multiplicative
trace inequality (2.2) and the resolvent estimate (4.12), we have

_ 1/2 1/
19020y S 19l ey + (Mol gy Muollazaa_y )+ Il (ol oy Nuoll iy )
]
Sl + 872 (14 ) 1l o .

Using this last bound in (4.25) yields the result (1.11). The improved result for piece-
wise smooth I' comes from using the bound (4.18) instead of (4.17) at the beginning
of the proof (to obtain an improved factor in front of ||g||z2(ry in (4.25)). |

Remark 4.9 (Why not just do everything from Green’s integral representation
with f # 07). To prove Theorem 1.6, we first proved bounds on the interior impedance
problem with f = 0 using Green’s integral representation (resulting in the bound
(4.17)) and then used bounds on the Newtonian potential, N, to prove bounds on
the interior impedance problem with f # 0.

Alternatively, we could start from Green’s integral representation with f # 0,

u = Sk@;u — Diy—u —I-Nkf,

and then use the bounds on S, Dy, and N}, given by (4.7) and (4.12), along with the
impedance boundary condition, to obtain

Ul 1 1
(4.26)  Jullp2iq_y S K2 <1 + ) =tllzey + 22z l9llzay + £ 1f L2y -

The argument involving Green’s first identity that led to the bounds (4.33) for the
problem with f =0 can be used to prove that

I 1 € 1
(4.27) > Y-l 72y < % £ 120y + 3 720y + 2l gl 72
for any ¢ > 0, and then this bound can be used in (4.26) to prove a bound on u in
terms of g and f. (This is exactly the method used in [20] with the bounds on Sy, and
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Dy (4.9) used instead of (4.7) and the weaker bound [Ny fl|r2_) S | fll 2o used
instead of (4.12).)

When || Z k, this method results in a bound identical in its k- and n-dependence
to (1.11). When |n| < k, this method yields a bound that is weaker than (1.11) in its
k- and n-dependence.

LEMMA 4.10 (sharpness of the interior impedance bounds). If the bound on the
solution of the interior impedance problem with f € L*(Q_), g € L*(T"), and n = +k

(4.28) IVull 2y +Ellull 2@y S Allgllremy + Bllflz2@ )
holds whenever Q_ is a bounded Lipschitz domain in 2- or 3-d, then
A> kY2 and B>1.

Lemma 4.10 is proved by combining the following two lemmas.
LEMMA 4.11. If Q_ = By (the unit ball) in 2- or 3-d, then there exists a u(*) €
HY(Q_) that has 8;;u™") € L*(T) and satisfies Au™ +k*u™ = 0 and the asymptotics

(4.29) H@ju(l) +tikvy_u ~ kly-u as k — oo.

(1)||L2(F) (1)||L2(F)

LemMMA 4.12. If Q_ is any bounded, Lipschitz domain, then there exists a
f € L3(Q2_) such that, if u is the solution of the interior impedance problem of Defi-
nition 4.1 with g =0 and f = f, there exists a ko > 0 such that

(4.30) kllullzzay 2 172

for all k > k.

Proof of Lemma 4.10 using Lemmas 4.11 and 4.12. The bound B = 1 follows
immediately from the bound (4.30) in Lemma 4.12. To prove the bound A > k~1/2,
we consider the function u(*) of Lemma 4.11 and use the multiplicative trace inequality
(2.2), the Cauchy inequality (2.7), and the bound (4.28) to obtain that

(4.31) kl/ZHV—u(l)Hm(r) S Ao, ult) £ i]W—u(l)HH(F)'

Using the asymptotics (4.29) in (4.31), we obtain that A4 > k—1/2, O
Proof of Lemma 4.11. We first consider the two-dimensional case. The functions
Uy, defined by

U (1,0) := Ty (k) ™0 m € Z,

are in H*(Q_), satisfy Au,, + k*um, = 0, and have 9;fu,, € L?(I"). Furthermore,
[v=tmll L2y ~ [Jm(F)| and

105t = Wyt ey ~ B (0 (8)) 4 (o (R))

as k — oco. When m is fixed, |J), (k)| ~ |Jn (k)| [1, equations (9.2.5) and (9.2.11)],
[49, equations (10.17.3) and (10.17.9)], and thus if u(!) := w,, for any (fixed) m € Z,
then the asymptotics (4.29) hold.

In the three-dimensional case, the argument proceeds almost exactly as before
with

ul,m(r797¢) = ]l(kr) Y—l,m(97¢)a le Z+7 m = _la . '7l'
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We find that the asymptotics (4.29) are satisfied if u(*) := w; ¢ for any (fixed) I €
7. d
Proof of Lemma 4.12. Given Q_, choose a w € C3 . (2_) and define f by

comp

f(x) = —eikm <Aw(x) + 2ikg—;”l(x)) .

This definition implies that %(x) := e**1w(x) satisfies Ali+ k2% = —f in Q_. Since &

has compact support, 0, w — iny—u = 0 on I'. Therefore, by uniqueness, the solution
of the interior impedance problem, u, equals u. The definition of f implies that

ow

Hﬂ|L2(Q_) S HAw”Lz(Q_) +k Ha—xl

b

L)

since both [|[Awl|z2q_y and [[Qw/0x1| 2 ) are
lw]|2(_), the bound (4.30) holds. O

The construction in Lemma 4.12 was used in [12, Lemma 3.10] to essentially prove
that the resolvent estimate (3.1) under zero Dirichlet boundary conditions is sharp.
We say “essentially” because actually [12, Lemma 3.10] proves that the bound o = 1/k
is sharp, where « is the inf-sup constant of the standard variational formulation of
the exterior Dirichlet problem. However, since a lower bound on the inf-sup constant
is equivalent to a resolvent estimate (see Remark 3.2) [12, Lemma 3.10] proves that
the resolvent estimate for the exterior Dirichlet problem is sharp. Note that the
argument as written in Lemma 4.12 can be easily modified to apply to the exterior
Dirichlet, Neumann, or impedance problems (since any function in Cg5,,, (€24 satisfies
the radiation condition (1.4)).

S lwllzzy, and [ullpeo ) =

~

4.3. Modifications needed to prove the bound on the exterior problem.
As in the interior case, we begin by defining precisely what we mean when we say
that u satisfies the exterior impedance problem.

DEFINITION 4.13 (exterior impedance problem). Given a bounded Lipschitz do-
main Q_ C RY d = 2,3, with boundary T, functions f € (H'(Q4)) and g €
H=Y2(T), and n € R\ {0}, fir R > supycq |x| such that suppf C Bpg. Let
Qg = Q, N Br and let T := O0Br. We then say that v € H'(QR) satisfies the
exterior impedance problem if

(4.32) a(u,v) = F(v) for allv € H(QR),

where
a(u,v) := / (Vu - Vv — E*up) dx — in/ v+uFzvds — (Tr(yu), y0)p
Qr r

and

F(v) == (f,v)a_ — (9,7+V)r,

where (-,Ya_, (-,-)r, and (-,-)r, denote the duality pairings on Q_, T, and T'g,
respectively, and T is the DtN operator on I'r. (See, e.g., [12, equations (3.5) and
(3.6)], [48, section 2.6.3], or [35, equations (3.7) and (3.10)] for the definition of Tr.)

Given au € H(QR) satisfying the exterior impedance problem of Definition 4.13,
this u has a natural extension to a function in H} (). Indeed, with Qg° :=
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R\ Qp and hg := yu on I'p, we extend u by setting u|g,c to be the solution of
the Dirichlet problem for the homogeneous Helmholtz equation in Qz€ satisfying the
Sommerfeld radiation condition (1.4), with Dirichlet data on I'r equal to hr. Using
the variational problem (4.32), one can show that the Neumann traces on either
side of I'p of the extended function are equal. The fact that both the Dirichlet and
Neumann traces are continuous across I'p then implies that the extended function
satisfies the homogeneous Helmholtz equation in a neighborhood of T'p (recalling
that supp f C Bg) and thus is C*° in this neighborhood.

Using this extension, one can prove that the solution to the variational prob-
lem (4.32) is unique (see, e.g., [13, Theorem 3.37], [11, Lemma 2.8]). The fact that
R(—(Tro, d)ry,) > 0 for all ¢ € H/2(I'g) [48, Theorem 2.6.4] means that, just as in
the interior case, a(-,-) satisfies a Garding inequality, and then Fredholm theory gives
the existence of a solution to the variational problem (4.32).

To prove Theorem 1.8, we need the following lemma, which is the exterior ana-
logue of Lemma 4.2 above. This result effectively appears in [27, Theorem 1].

LEMMA 4.14. If u € H*(2R) satisfies the exterior impedance problem of Defini-
tion 4.13 with f =0 and g € L*(T"), then

1
(4.33) Ha;i_uH[}(F) < ||g||L2(r) and H'Y+u||L2(F) < ; Hg||L2(F)-

Proof. We extend u to Q2g° as described above. Since u € H (4, A), we can
apply Green’s first identity (2.6) with v = w in Qg for any R’ > sup,cq_ |x| and take
the imaginary part to obtain

(4.34) %/’H—uaj{uds:%/ ’y_u@ds
r r

,or

R

(remembering that n points into Q). Using the fact that u satisfies the radiation
condition, one can show that the right-hand side of (4.34) tends to k |\F||iz(sd_1) as

R' — 0o, where S?~! is the unit sphere in R? and F is the far-field pattern of u (see,
e.g., [11, Lemmas 2.5 and 2.6]); therefore,

(4.35) S/’H—u Ofuds > 0.
r

Using the impedance boundary condition to express 97 u in (4.35) in terms of v, u
and g yields

2 N
=0 v ullp2ry + %‘/ Yrugds > 0,
T

and then using the Cauchy—Schwarz inequality on the second term gives us the second
bound in (4.33). Similarly, using the impedance boundary condition to express vy u
in (4.35) in terms of 9, u and g, and then using the Cauchy—Schwarz inequality, we
obtain the first bound in (4.33). O

Proof of Theorem 1.8. As with the interior problem, we first consider the case
f = 0. If u is the solution to the exterior impedance problem with f = 0, then
Green'’s integral representation, u = —Sgd; u+ Dyy,u, holds; see, e.g., [32, Theorems
7.5 and 9.6]. Similar to the case of the interior problem, the bounds on the single-
and double-layer potentials (4.7) then give

lll ooy < 52 (N0 ull ooy + sl ey )
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for any R > sup,cq_|x|. (Note that, just as in the interior case, the bounds (4.8)
can be used instead of (4.7) when I is piecewise smooth.) The bounds on the Cauchy
data given by (4.33) then imply that

_ k
el 2y S K2 <1 N m) lgllor

and using part (b) of Lemma 2.2 gives the bound on ||Vul[z2(q,). Therefore, the
bound (4.17) holds with the norms on the left-hand side changed to be on L?(Qg).
The case when f # 0 follows in exactly the same way as for the interior problem, but
now with every norm being in Qg. a

5. Proof of the bound on ||(A§cm)_1||L2(p)_,Lz(p), Lemma 1.10. We now
show how bounds on the exterior DtN and interior impedance-to-Dirichlet maps can
be used to bound ||(A;€)n)71”L2(F)_>L2(F) (where A is the combined-field integral
equation used to solve the exterior Dirichlet problem; see section 1.3).

Proof of Lemma 1.10. Since A;wv is a bounded and invertible operator on L?(T")
when 7 € R\ {0} [11, Theorem 2.27], if we can show that [|§| 2y < C||4] , ¢llL2r)
for all ¢ € LZ(].—‘), then ||(A;c777)71|‘L2(F)—>L2(F) <C.

Given ¢ € L?(T"), let u := Sr¢, where the single-layer potential, Sk, is defined by

Seé(x) = / Di(x,y)0(y) ds(y), xeT.

The reason we do this is that the integral equation (1.25) arises from Green’s integral
representation (1.26), in which the solution of the BVP is expressed (modulo the
known term u!) as a single-layer potential with an unknown density. We also let
g = A;)n¢, so that (with this notation) we need to bound ¢ in terms of g.

Now, u is a solution of the Helmholtz equation in 4 and €2_ and satisfies the
Sommerfeld radiation condition in 4 [11, Theorem 2.14]. The jump relations for the
single-layer potential are that

1 /
(5.1) v+8kp = Sk and 0, Sko = (:F§I + Dk) ¢

[32, Chapter 7], where the operators Sy and D), are defined by (1.29). The jump
relations (5.1) and the definition of Aj , (1.30) imply that

(5.2) 0, u—iny_u =g,
v+u =vy-u (and thus Vr(vyu) = Vr(y-u)), and
¢ =0, u— 0 u.

By (5.2), u satisfies the interior impedance problem with data g € L*(T"). By (5.3), u
satisfies the exterior Dirichlet problem with data given by the solution of the interior
impedance problem. Given bounds on the solutions of the interior impedance and
exterior Dirichlet problems, we can then use (5.4) to bound ¢. Indeed, using (5.4),
Lemma 4.2, and the DtN bound (1.32), we obtain that

k

100l 2y < 107 ull oy + 19l o S <1 o

) 190l z2e + o Ve () pagr -
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Then,

which
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using (5.3) and the impedance-to-Dirichlet bound (1.33), we find that

k
16l o < (1 oL +a6) 19l oy

implies (1.34). O
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