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Abstract We consider the Helmholtz single-layer operator (the trace of the single-layer potential) as an
operator on L>(I") where I is the boundary of a 3—d obstacle. We prove that if I" is C? and has strictly
positive curvature then the norm of the single-layer operator tends to zero as the wavenumber k tends
to infinity. This result is proved using a combination of (i) techniques for obtaining the asymptotics of
oscillatory integrals, and (ii) techniques for obtaining the asymptotics of integrals that become singular in
the appropriate parameter limit. This paper is the first time such techniques have been applied to bounding
norms of layer potentials. The main motivation for proving this result is that it is a component of a proof
that the combined-field integral operator for the Helmholtz exterior Dirichlet problem is coercive on such
domains in the space L>(I").
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1 Introduction

Acoustic, electromagnetic, and elastic wave scattering problems with constant wave speed are often solved
using integral equations. An important feature of the relevant integral operators in the frequency domain is
that they are oscillatory, with the oscillation increasing as the wavenumber, k, increases. This paper considers
a certain aspect of the k-explicit numerical analysis of Helmholtz boundary-integral equations; another paper
in this special issue considering related aspects is [15].

This paper is concerned with how the norms of the integral operators associated with the Helmholtz
equation behave as k increases. More precisely, we seek to prove k-explicit upper bounds on the norms of
these operators that are valid when « is large. There already exist in the literature several k-explicit upper
bounds on norms of Helmholtz integral operators, and we review these in detail in Section 1.2. We note at
this stage, however, that all the currently-available k-explicit upper bounds on norms of Helmholtz integral
operators fall into one of two categories:

1. Upper bounds when the obstacle is a ball (i.e. the boundary of the obstacle is the circle or sphere); these
are obtained using the fact that the integral operators diagonalise in a basis of trigonometric polynomials
(in 2—d) or spherical harmonics (in 3—d), with eigenvalues given explicitly in terms of Bessel and Hankel
functions.

2. Upper bounds for general obstacles obtained using methods that ignore the oscillation in the integral
operators.

In this paper, we consider the norm of the Helmholtz single-layer operator on 3—d, C?> domains whose
boundaries have strictly positive curvature, and we prove an upper bound that does not fit in either of these
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two categories. Indeed, the method we use to obtain this bound explicitly uses the fact that the relevant integral
operator is highly oscillatory, and (as perhaps expected) the resulting bound is sharper than the corresponding
one obtained using methods that ignore the oscillation. Note that, although we restrict attention to the
single-layer operator on 3—d, C> domains with strictly positive curvature, the method we use is applicable to
other operators and more general 2- and 3-d geometries.

1.1 Formulation of the problem

In this paper we only consider the sound-soft scattering problem for the Helmholtz equation (effectively the
exterior Dirichlet problem), but the integral operators that arise in this problem also appear in formulations
of other Helmholtz boundary value problems (BVPs); see, e.g., [7, §2.5-2.6].

Let Q_ C R¢, with d =2 or 3, be a bounded Lipschitz open set with boundary I" := 9d.Q_, such that the
open complement £, := R¢ \ ©Q_ is connected. Let Hllf)C(Q+) denote the set of functions, v, such that v is
locally integrable on . and yv € H'(Q,) for every compactly supported y € C*(Q2) :={y]q, : Y €
C=(R9)}. Let y; denote the trace operator from €, to I'. Let n be the outward-pointing unit normal vector
to _, and let d;" denote the normal derivative trace operator from Q. to I" that satisfies d,'u =n- v, (Vu)

when u € H2 (2. ). (We also call 7, u the Dirichlet trace of u and d," u the Neumann trace.)

Definition 1.1 (Sound-soft scattering problem) Given k > 0 and an incident plane wave u!(x) = exp(ikx -
a) for some a € RY with [a] = 1, find u5 € C?(Q;)NH} () such that the total field u := u! + u5 satisfies

Au+kPu=0 inQ,, yu=0 onl,

and u® satisfies the Sommerfeld radiation condition,

W(X) —iku (X) 0<r(dl)/2)

as r := |x| — oo, uniformly in X := x/r.

It is well known that the solution to this problem exists and is unique; see, e.g., [7, Theorem 2.12].
The BVP in Definition 1.1 can be reformulated as an integral equation on I" in two different ways. The
first, the so-called direct method, uses Green’s integral representation for the solution u, i.e.

u(0) =i (9~ [ Sx)I U dsy). x€ 2. (11
r

where @y (x,y) is the fundamental solution of the Helmholtz equation given by
eik‘xfy ‘

i
ulxy) = g (Kx—yl) d =2 Bilxy) = g d=3

(note that to obtain (1.1) from the usual form of Green’s integral representation one must use the fact that u/
is a solution of the Helmholtz equation in £2_; see, e.g., [7, Theorem 2.43]).

Taking the Dirichlet and Neumann traces of (1.1) on I', one obtains two integral equations for the
unknown Neumann boundary value 9, u:

1
Skd, u =yl <21+D§{) o u=0au, (1.2)
where the integral operators S; and D), the single-layer operator and the adjoint-double-layer operator
respectively, are defined for y € L*>(I") by

sov)i= [ euenvnasw. oy = [ 220D yma), xer

r
(when I is Lipschitz, the integral defining D), is understood as a Cauchy principal value integral; see, e.g.,
[7,§2.3]).
Both integral equations in (1.2) fail to be uniquely solvable for certain values of k (for the first equation
in (1.2) these are the k such that k? is a Dirichlet eigenvalue of the Laplacian in ©_, and for the second
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equation in (1.2) these are the k such that k> is a Neumann eigenvalue). The standard way to resolve this
difficulty is to take a linear combination of the two equations, which yields the integral equation

d

u
Aﬁma =f, (1.3)

where |
A;a,n = 51+D§€ —inSk (1.4)

is the combined-potential or combined-field operator, with 11 € R\ {0} the so-called coupling parameter, and
f(x) =90, u (x) —inyu'(x), xeT.

Since Q. is Lipschitz, standard trace results imply that the unknown Neumann boundary value 9, u is
in H~'/2(I"). When Q. is C?, elliptic regularity implies that 9, u € L*(I") (since u € HZ (L.)), but
d u € L*(I'") even when Q, is Lipschitz via a regularity result of Necas [22, §5.1.2], [19, Theorem 4.24
(i1)]. Therefore, even for Lipschitz €2, we can consider the integral equation (1.3) as an operator equation in
L?(I"), which is a natural space for the practical solution of second-kind integral equations since it is self-dual.
It is well known that, for n # 0, A;w is a bounded and invertible operator on 1?2 (I') (see [7, Theorem 2.27]).

Instead of using Green’s integral representation to formulate the BVP as an integral equation, one can

pose the ansatz
P = [ 25N g(3)asty) - in [ @x(xy)o(r)asty)

for ¢ € L*(I") and n € R\ {0}; this is the so-called indirect method. Imposing the boundary condition
YiuS = —y,u’ on I leads to the integral equation

A = -y, (1.5)
where

1 .
Apny = 5]+Dk_1775k; (1.6)
and Dy is the double-layer operator, which is defined for y € L>(I") by

Dovts) = [ 250Dy, xer

(as with D7, the integral defining Dy, is understood as a Cauchy principal value integral when I is Lipschitz).
Although the unknowns in the integral equations (1.3) and (1.5) are different, the identities

/¢sky/ds:/ wSidds and /¢Dku/ds:/ wD,ods (1.7)
r r r Ir

for ¢,y € L*(I") [7, Equation 2.37] mean that Ay , and A;W are adjoint with respect to the real-valued L?(I")
inner product, and so in particular satisfy '

A HLZ(F)%Z(F) = HA;c,n HLQ(F)HL%F) :

The second identity in (1.7) also implies that Dy and D), are adjoint with respect to the real-valued L>(IN)
inner product and satisfy
/
1Dl 2(r)— 220y = 1Pkl 2y 200
The general question we consider in this paper is the following: how do ||Sk|;2(y—z2(r) and [|Dill 2 (ry—r2(r)
(and hence || Dy [l 12(r)— 12y 1Ak 22y —22(r)> @nd A 112 (r)—12(r)) depend on k as k increases?

1.2 Summary of existing upper bounds on | S|l .2y z2(ry and [|Dil 2 my— 21

This paper is focused on obtaining k-explicit upper bounds on ||S||;2(ry—z2(ry and || Dkl ;2(r)—z2(r) that are
valid when £ is large. We note that several k-explicit lower bounds on these quantities were proved in [6]
(see the review [7, §5.5.2] for an overview), and k-explicit upper bounds on these quantities that are sharp as
k — 0 were proved in [3, §2.6].

Here and in the rest of the paper, the notation a < b means that a < Cb for some constant C > 0 that is
independent of k (and any other parameters of interest).
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1.2.1 Upper bounds when I' is a circle or sphere

When I' is a circle or sphere, both S; and D, diagonalise in a basis of trigonometric polynomials or
spherical harmonics (see, e.g., [18, §3—4] or [11, Lemma 4.1] for the details). Bounds on ||SkHLz(F)ﬁLz(F)
and ||Dg||;2 (M)—L2(r) can be therefore be obtained by bounding the eigenvalues, which are given in terms
of Bessel and Hankel functions. In [14], [11], and [2], the following upper bounds on HS](HLQ(F)*}LZU—') and
Dkl 2(r)—12(r) Were obtained using this method.

Theorem 1.1 ([14], [11], [2]) If T is a circle or sphere then, given ky > 0,

ISell 2y -2y SE2P and Dl 2y 2y S 1 (1.8)
for all k > ky. (Note that the omitted constants are independent of k but depend on ky).

For more discussion of these results, see [7, Theorem 5.12].

1.2.2 Upper bounds for more general domains

The only currently-available upper bounds on ||Sk[|;2(r)_2(ry and || D[ 2(r)—.2(ry for domains other than
the circle and sphere are the following.

Theorem 1.2 ([6, Theorems 3.3 and 3.5]) If I is Lipschitz and d =2 or 3, then

Iell 20y -2y SKO? and Dy pary S 1+ (1.9)

forall k> 0.

These bounds can be proved using (at least) two different techniques:

1. the Riesz-Thorin interpolation theorem, and
2. Young’s inequality for convolutions.

Young’s inequality was used in [11, Lemma 4.14] to prove the bounds (1.9) for d = 2 when I" is C*
(although, as we see below, the technique also works when I is Lipschitz and when d = 3). The Riesz-Thorin
interpolation theorem was used in [6, Theorems 3.3 and 3.5] to prove the bounds (1.9) ford =2 and d =3
when I is Lipschitz.

In this paper, we also use the Riesz-Thorin method, and so we give an outline of this method below.
We also give a brief outline of the method that uses Young’s inequality, since this method is arguably the
simplest way of obtaining the bounds (1.9), and this fact has perhaps not been fully appreciated before.

Overview of the Riesz-Thorin method. If T is an integral operator on I with kernel ¢(x,y), i.e.,

7000 = [ 1(x¥)9(3)ds(y).

then, using the definitions of the L!- and L*-operator norms, it is straightforward to show that
1Tl =y = esssup/ |t(x,y)|ds(x), and (1.10a)
yelr JI'

1Tl = esssup [_Je(x)|ds(y) (1.10b)
xelr JIT

(provided these integrals exist). The Riesz-Thorin interpolation theorem implies that

12 1/2
1Tl 2 < (|T||L1(r>ﬁum> (||T|Lm(rw<r>)

(see, e.g., [12, Theorem 6.27]), and thus a bound on [|T'[[ ;2(r)_.;2(r-) can be obtained by bounding the integrals
on the right-hand sides of (1.10). In particular, if |#(x,y)| <#(x,y), where 7 is such that #(x,y) = #(y, x), then

IT )2y < esssup [ Fx,y)ds(y). (L.11)
xelr JI
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To obtain a bound on |[Sk||;2(r)—.z2(r)» we can apply the bound (1.11) with 7' = S and (x,y) chosen as
|®x(x,y)|. On the other hand, to obtain a bound on ||Dg||;2(ry_z2 () We first write Dy as Do+ (Dg — Do) and
then apply (1.11) with T' = Dy, — Dy; we do this because the singularity of Dy is too strong for the operator
itself to be bounded on L' (I") and L*(I") for general Lipschitz I (see, e.g., [6, Equation 3.8 onwards] for
expressions for the kernels of Dy and Dy — Dy in 2- and 3—d).

It is important to note that these bounds ignore the oscillation in k. For example, the method described
above yields the bound

Itz 2y < esssup [ | @x)asty). (1.12)
XE

Ty <X 2
‘4110 (k|x y|)‘4 k% Y] (1.13)

(see, e.g., [6, Equation 1.22]) to obtain

One can then use the bound

Iell 20y 2y SKTV/* whend =2. (1.14)
Similarly, one can use the bound
eik‘X7Y‘ 1
< 1.15
anfx—y]| = dxlx—y) (119
to obtain
||Sk||L2(F)—>L2(F) § 1 when d = 3. (116)

Although the estimates (1.13) and (1.15) may appear crude, the resulting bound on |[Sk||;2(ry_.z2(r) for
d =2, (1.14), is sharp when I" contains a straight line segment (see [6, Theorem 4.2], [7, Lemma 5.18]). It is
not yet known whether the bound for d = 3, (1.16), is sharp for general Lipschitz I", and the main goal of
this paper is to obtain sharper bounds than (1.16) for certain I" (we discuss this more in §1.3).

Overview of the method using Young’s inequality. Young’s inequality for convolutions states that if f € LP(I"),
g € LI(I'), with 1 < p,q < oo, then

1 1 1
I1f#8llerary < Wflleriry 18l zaqry >, where P ;"‘5_1 (1.17)

and

(£9)( = [ fx=y)g(y)ds(y).

Young’s inequality is usually stated for Lebesgue spaces defined on R?, however the proof only depends
on Holder’s inequality, and since the latter inequality holds for Lebesgue spaces defined on I", so does the
former.

The function S;¢(x) is a convolution (since @ (x,y) is a function of x —y), and applying Young’s
inequality (1.17) with p=1,g=2,r =2, and g = ¢ yields

Iseollary < [ @)l asta)) oz (118)

where f(z) := iHél)(k\z\)/4 for d = 2 and exp (ik|z|)/(47|z|) for d = 3 (compare (1.18) to (1.12)). Using
the bounds (1.13) (for d = 2) and (1.15) (for d = 3) in (1.18) then yields the bounds on HS/(||L2(F)~>L2(F) in
(1.9).

Neither of the functions D¢ (x) and (Dy — Do) ¢ (x) are convolutions (since their kernels contain n(y)
which is not a function of x —y), and thus Young’s inequality cannot immediately be applied. Nevertheless,
the kernels of both Dy and Dy — Dy can be bounded by functions of x —y, and then Young’s inequality can in
principle be used to bound Dy ¢ (x) and (D — Do) ¢ (x). This procedure yields no information when applied
to Dy, since its kernel has too strong a singularity to be bounded in L', however applying this procedure to
Dy — Dg and using bounds analogous to (1.13) and (1.15) (see [6, Equation 3.9 and Lemma 3.4]) yields the
bounds on || Dyl|;2(r)—2(r) given in (1.9).
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1.3 Motivation for the current investigation: coercivity of A;w and Ay

Given a BVP for the Helmholtz equation, its standard variational formulation (i.e. the weak form of the
BVP) satisfies a Garding inequality, and thus the operator associated with this variational formulation is a
compact perturbation of a coercive operator. Furthermore, one can prove that, even when the BVP has a
unique solution for all k, the standard variational formulation is not coercive (see, e.g., [20, §1.1]), and thus
coercivity up to a compact perturbation is the best result one can obtain for this formulation.

The standard analysis of boundary integral operators (BIOs) in a variational setting “transfers” the
coercivity properties of the weak form of the BVP to the relevant BIOs posed in the trace spaces. This method
therefore proves that the standard first- and second-kind integral operators used to solve the Helmholtz
equation are compact perturbations of coercive operators (see [10] and [24, §1.4] for overviews of this
method).

Despite the fact that the standard variational formulations are not coercive, there do exist coercive
variational formulations of Helmholtz BVPs (these are summarised in [20, §1.2]). In particular, the combined
potential operators A;{’n and Ay 5, defined by (1.4) and (1.6) respectively, were proved to be coercive when
I' is the circle or sphere, 1 = k, and & is sufficiently large in [11, Theorems 4.2 and 4.12], and numerical
experiments in [4] suggest that these operators are coercive whenever €2 is nontrapping, 1 =k, and k is
sufficiently large.

The main result of this paper (Theorem 1.4 below) is a component of the proof of the following theorem,
which enlarges the class of domains for which A;cm and Ay, are proved to be coercive.

Theorem 1.3 [24, Theorem 1.2] Let Q_ be 2- or 3-d domain whose boundary, I', has strictly positive
curvature and is both C* and piecewise analytic. Then there exists a constant 0o > 0 such that, given 8 > 0,
there exists kg > 0 (depending on &) such that, for k > ko and n > nok,

, 1
%(Ak,n(pa(P)l}(r) > <2 —5> H‘PHé(r) (1.19)

for all ¢ € L*(T") (where, for z € C, Rz denotes the real part of 7).

(Note that, by the relations in (1.7), the bound (1.19) also holds when the direct integral operator A;Cn is
replaced by the indirect operator Ay ;)

To see how bounds on ||Sk||;2(r)—.z2(r) are needed in the proof of this result, note that in [24] it is shown
that if Q_ satisfies the conditions in the theorem then there exists a constant 1y and a function & (both
independent of k) such that, if 7 > 1ok and k is sufficiently large,

1
C‘K(A;(,n(bvgb)l]([‘) + (aSkq)aq))LZ([‘) 2 E ||¢||i2(F) (120)

for all ¢ € L?>(I") (see [24, Equation 3.12 onwards] and note that the o in (1.20) is equal to a/Cr in [24]).
Using the Cauchy—Schwarz inequality in (1.20), we find that

1
R(A]00.9) 2 > (2 el ||sk||Lz<r>ﬂLz<r>) 16125 - (1.21)

Therefore, if ||Sk|[,2(r)—z2(r) — 0 as k — oo then the inequality (1.21) shows that A;  is coercive (for these
Q_) when k is sufficiently large.

When d = 2, the bound (1.14) shows that ||Sk||2(y—z2(r) — 0 as k — c=. However, the corresponding
bound when d = 3, namely (1.16), does not give this required decay. (When I" is a sphere this decay is
ensured by (1.8), although coercivity of A;a,n in this case can be established by bounding the eigenvalues of
Ai,n; see [11, Theorem 4.12], [7, §5.4].)

The main goal of this paper is to prove that if £2_ satisfies the geometric assumptions in Theorem 1.3 (or
less restrictive assumptions) then ||Sk||;2(y—z2(r) — 0 as k — oo, and this is achieved in Theorem 1.4 below.
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1.4 The main result of this paper

In this paper we prove an upper bound on |[Sk||;2(r)_z2(r) When Q_ is a 3—d, C? domain with strictly
positive curvature (motivated by the need to prove that ||Sk|| 22y — 0 as k — o on these domains
discussed in §1.3 above). We emphasise, however, that the method we use to prove this bound can also
be used to bound || D||;2()_2(r) on this class of domains, and can also, in principle, be used to bound
ISkl 22(r)—r2(r) and | D[ 2(r)—.12(ry on more general domains in both 2— and 3—d; we discuss this more in
Remark 1.1 below.

Before we state the main result we recall some facts about curvature. Assume that Q_ C R3 and I is C2.
Recall that the two principal curvatures at a point X € I'" are the maximum and minimum of the curvatures
at x of all the 1-d curves on I passing through x. We need to choose a sign-convention when dealing with
the curvature of 1—d curves; we choose the sign so that a circle has positive curvature. We say that I" has
strictly positive curvature if there exists a Ky > 0 such that, for any x € I", the principal curvatures at x are
both > ky. Note that our sign-convention for curvature implies that if I" has strictly positive curvature then
Q_ is strictly convex (but the converse is not true).

Theorem 1.4 Let Q_ be a 3—d domain whose boundary, I', is C? and has strictly positive curvature. Then,
given ko > 1, there exists a C > 0 such that

(logk)'/2
||SkHL2<F)*>L2<F) < CW (1.22)

forall k > ky.

This bound should be compared with the only other existing bound on ||Sg|;2(yy_z2(r) for this type of
domain, namely [|S||;2(ry_z2r) < 1 (1.16).
Note that to prove the bound (1.22) we only need to show that there exists a k; > 1 and C’' > 0 such that

logk)'/?
HSk||L2(F)~>L2(F) Scwl(kng):5 for a]lkzkl (123)

Indeed, if we have shown that (1.23) holds then, given any ky > 1, we define C by

-1
. (logk)'/?
tok (klm Kok 1Skll 2y ~22qr)

(where maxy, <<, HS/(HL2<F)HL2(F) < oo since Sy, is a bounded operator on L?(I") for every k > 0), and then
(1.22) holds with this particular value of C.

C:=max{ C',

1.5 Overview of the proof of Theorem 1.4
The main idea is to use the fact that
2 *
ISellz2(ry— 22y = ISkSkll 2 (ry— 2y (1.24)

(where S} is the Hilbert-space adjoint of the operator S on L?(I")), and then use the Riesz-Thorin method
explained in §1.2 to bound [|S;Sk||12(m)—r2(r)-

This idea of bounding the L?>—norm of an oscillatory integral operator T by bounding the L>*—norm of
T*T is well known in the harmonic analysis literature, see, e.g., [25, Page 279], and its use in the context of

integral operators associated with the Helmholtz equation was first suggested in [5, Page 184].
Using the fact that

Sio0x) = [ Blyx)0()ds(y).

we have that

SiSi(x) = [ (x¥)9(3)ds(y)



8 E. A. Spence

where

3 ® q 1 eik(lz—y|—lz—x]) q 125
17 = = . .
) = [ N Puey)ds(n) = o [ T ) (1.25)
(Interchanging the order of integration in S} Sy can be justified using Fubini’s theorem and Tonelli’s theorem,
since each of the iterated integrals converges absolutely; see [12, Remark (iv) after Theorem 2.37].)

We can then use the Riesz—Thorin method outlined in §1.2 to obtain

IS¢Sell 2y 20 < <p [lu <x7y>|ds<x>> (essun [ lutx)fasto) )
yelr JI' xelr JI
and then, since 7 (X,y) = ;(y,X), we have that
IS5kl 2y < esssup [ Jrex,3)]as(y): (126)
xelr JI

We saw in §1.2 that both the Riesz—Thorin method and the method using Young’s inequality can be
used to obtain the bounds (1.9). Only the Riesz—Thorin method, however, is applicable when bounding
1S Skll 2 ()~ 12(r)» since the function Sy Sk (x) is not a convolution (as (X,y) is not a function of x —y).

The steps above reduce bounding ||Sk||;2(1)—z2(r) to bounding the kernel #(x,y) defined by (1.25). We
now outline the main steps in this argument.

Bounding the kernel 1;(x,y). The first thing to note is that, when x =y, the integral in (1.25) is strongly
singular, and thus |#;(X,X)| is infinite. Our plan, therefore, is to choose an arbitrary x € I, fix € > 0, and split
the range of integration into I' N Be(x) and I" \ B¢(x) (where Be(x) := {x € R? : |x| < €}). Then

/F It (x,y)| ds(y) = Ji (x:k,€) + o (x: K, ),

where

Ji(x;k,€) := /FmB © |tk(x,y)|ds(y) and S (x;k,€) := /F\

We now proceed to bound J; and J, separately. Note that all the resulting bounds are obtained assuming that
¢ is sufficiently small (and we do not state this explicitly every time).

|t (x,y) | ds(y).
Be(x)

Overview of the bound on J;. Our plan for Jj is to bound [t (x,y)| explicitly in terms of |x —y|, k, and € for
y € I' N B¢(x), and then integrate this bound, i.e. we find b(|x —y|, k, €) such that
t(x,y)| Sb(|x—y|.k,€) fory e NBe(x) (1.27)
(where b is given explicitly in terms of |x — y|, k, and €), and then use
[ laxy|asm) s [ b(x-ylke)ds(y).
I'NBe(x) I'NBg(x)
We do this in §3, and find that we can take the function b to be
1
b(|x—y|.k,e) =log ()—l—l, (1.28)
x—yl
and we therefore obtain that
1
Ji(x:k,€) = / |tx(x,y)| ds(y) S €% log () : (1.29)
I'NBe(x) €

It is instructive to observe if #(x,y) were bounded when x =y then we would obtain the bound J; (x;k, &) <
€2, and thus the bound (1.29) is (in some sense) almost optimal.

One novelty of the bound (1.28) is that, to obtain it, we use techniques that determine the asymptotics of
integrals with algebraic parameter dependence, and these techniques are perhaps not so well known, even
in the asymptotics literature. Indeed, whereas techniques for obtaining the asymptotics of integrals with
exponential parameter dependence (e.g. Watson’s lemma, the method of stationary phase, and the method
of steepest descent) appear in many books, to the author’s knowledge, the only book that describes the
techniques for integrals with algebraic parameter dependence is [17]. (For the reader specifically interested
in our use of these techniques, this can be found in Appendix A.)
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Overview of the bound on J,. Our plan for J; is to bound [t (x,y)| explicitly in terms of |x —y|, k, and € for
y € I' \ B¢(x) and then use the inequality

h(x,y)|ds(y) < |I'| max |%(X,y)], 1.30)
S 0560 101 mas ) (

where |I'| denotes the surface area of I'. Since |x —y| > &, #(x,y) is always finite, but the kernel of the
integral defining #(x,y) is weakly singular at both z =x and z =y.

The argument we use to obtain a bound on #(x,y) when y € I" \ B¢(x) is quite technical (indeed, the
integral defining #(x,y) is split into the sum of 6 separate integrals) however the guiding philosophy is to
localise near weak singularities with cut-off functions until one obtains an (oscillatory) integral with no weak
singularities that can be integrated by parts.

The end result is the bound

1
D (x:k,€) = /F\B o |t (x,y)|ds(y) < g4 TenTs (L.31)

for any n > 1.

Obtaining the final result (1.22) (by “gearing” € to k). Combining (1.29) and (1.31) we have that, for any
xel,

N 1
/F |1(x,y)| ds(y) < €?log (8) et s (1.32)

We now choose € to make the last two terms on the right-hand side of (1.32) the same order of magnitude.
Since

1 1
a _ ~
€ e when &€ @D
we choose
_ 1
€= G

and then (1.32) becomes

logk 1
/l-lt"(x’y”ds(” S @G T /G (1.33)

(we can assume that € < 1 so that k > 1 and thus logk > 0).
For the first term on the right-hand side of (1.33) to be small we want n to be small, but for the second
term to be small we want n to be large (since

n—1 _1 | 7
3n+4 3 3n+4

and we want this to be as large as possible). The optimal value of »n is therefore the value for which the
powers of k in the two terms are equal, and this is 3. Substituting » = 3 into (1.33) and using (1.26) we obtain

. logk
[SeSkll2(r)—r2(r) S ilelllz . |e(x,¥) | ds(y) S K2/13

Therefore, using (1.24), we have that there exists a k; > 1 such that

(logk)!/?

< lE for all k > ky;

ISkl 22(r)—r2(r)

this is the bound (1.23), from which the result (1.22) follows.
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Integration by parts. Although we have skipped over most of the details of the proof in this overview section,
it is instructive to give a few of the details of the integration by parts that occurs when estimating J, (since
these then motivate our investigation of the integral’s phase function in §2 below).

After removing the weak singularities from the integrand using cut-off functions, we arrive in our
estimation of J, at the integral

/F ek (@XY) f(7:x y)ds(z), (1.34)
where the phase function ¢ is given by

o(z;x,y) :=|z—y|—|z—x|, (1.35)
and the integrand f is given by

1
lz—yllz—x’

fExy) = (1-255@) (1~ 2522 (136)

The function 5 ,(z) equals one in B (y) and zero outside B,5(y) (see (3.1) below). The function f(z;x,y)
is therefore zero when z € Bs(y) and z € Bs(x), and the range of integration in (1.34) can then be changed
fromI" to I" \ (Bs(x) UBs(y)). (Note that in the proof we also take 0 < € so that when y ¢ B¢(x), we have
that y ¢ Bs(x).)

The integral (1.34) is an oscillatory integral with no weak singularities, and we can therefore integrate by
parts (to condense notation, we suppress the dependence of ¢ and f on x and y from now on in this section).
We begin by observing that

s = e () ZE2

where Vr is the surface gradient (defined in §1.6 below). This equation shows us that we need to know if
Vr¢(z) can be zero (i.e. if the integral has any stationary points).

The definition of ¢(z) (1.35) implies that it is a differentiable function of z when z is not equal to x or y.
Furthermore, Lemma 2.1 below shows that if £2_ is strictly convex, X # y, and z is not equal to either y or x,
then V¢ (z) is never zero.

Therefore, when £2_ is strictly convex we can use (1.37) in (1.34) and obtain

iko (2) 1 iko(z)) _Vro(z)
ST =5 \(Bs(x >u35<y>>vr (e ) \Vro(z )\2f( z)ds(z). (1.38)

We can now use the divergence theorem (or equivalently Stokes’ theorem) to move the Vr from the
exponential in the integrand of the right-hand side of (1.38) onto the other terms in the integrand; bounding
the resulting integral (in combination with all the omitted steps) leads to the bound on J> (1.31).

Before concluding this discussion we make two remarks: (i) The equation (1.38) shows that we need
a lower bound on |Vr¢| forz € I'\ (Bs(x) UBs(y)) and y € I' \ B¢(x) (recall that this second condition
comes from the fact that we are estimating J,), and we need this bound to be valid as € and 6 — 0 (with
d < ¢). (ii) Integrating by parts the right-hand side of (1.38) requires V¢ to be differentiable, and this
requires that I" be C? (since differentiating the surface gradient at x € I requires differentiating the tangent
vectors to I at x). If we assume that I” is smoother than C? then further integration by parts are allowed (if
I' is C™, then we can integrate by parts m — 1 times), but we do not do this here.

/F\(Bs(X)UBé(Y))

Remark 1.1 (Bounds for || Dl 2(r)—12(ry and for more general domains) When I" is C?, the singularity in
the kernel of Dy, is the same as that in Sy. It should not be too difficult, therefore, to adapt the argument
leading to Theorem 1.4 to prove an analogous result for || Dg||;2(r)_z2(r) on this type of domain. It should
also not be too difficult to translate the arguments for Sy and Dy when Q_ is a 3-d, C> domain with strictly
positive curvature to the case when ©_ is a 2-d, C> domain with strictly positive curvature (although a
complicating factor in 2—d is that one requires appropriate bounds on the Hankel function Hél)).

In principle, this type of argument could be applied to domains that are not strictly convex. However, the
presence of stationary points of the phase function ¢ would then make the argument for these domains much
more complicated than that for strictly convex domains.
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Remark 1.2 (The results of [13]) Whilst this paper was being written, Galkowski and Smith [13] also inves-
tigated the wavenumber-dependence of ||Sk||,2 (r)—12(r)- BY using restriction estimates for eigenfunctions
of the Laplacian, these authors proved sharper bounds on [|Sk||;2(r)_.2(ry than the bound in Theorem 1.4.
Indeed, [13, Theorem 2] (see also [16, Appendix A]) states that if d =2 or 3 and I is a finite union of
compact subsets of embedded C!-! hypersurfaces then, given ko > 1,

logk
ISell2(ry - 22r) S Pk (1.39)

for all k > ko, and if I is a finite union of compact subsets of strictly convex C?! hypersurfaces then, given
ko > 1

ISell 20y~ 22y S an (1.40)

for all k > ko. Observe that both the bounds (1.40) and (1.22) hold when I" is C%! and has strictly positive
curvature, but that (1.40) is stronger. Furthermore, [16, §A.2] shows that the powers of k in (1.39) and (1.40)
are optimal (i.e. the bounds are sharp modulo the log loss).

1.6 Notation and basic results

Notation for asymptotics.

- a=o(b) as € — 0 means that

%—>0 as € — 0.

— a= 0(b) as € — 0 means that there exists an & > 0 and C > 0 such that

‘%’ <C foralle>¢g
(where the constant C is independent of €).

- a<base—0meansa=o(b)ase—0,anda>> bas e — 0 means b < a as € — 0. (The advantage
of using this notation in addition to the little-o notation is that we do not need to write expressions such
as € = o(|z —x|), but can write |z — x| > € instead.)

— a~bmeans a= 0(b) and b = O(a) as € — 0 (another commonly used notation for this is a = ord(d),
but we do not use this here). Note that this differs from the standard definition that a ~ b iff a/b — 1 as
e—0.

- a < b means a < Cb where C is independent of €. (Observe that a < b implies that a = &/(b), but
a = O(b) implies that |a| < |b|.) The notation a 2 b means that b < a.

Differential operators on a surface. We restrict attention to the case that I" is C? (although the results we
recall below hold when I is Lipschitz after some extra technical work).

The surface gradient, V-, is defined in terms of a parametrisation of the boundary in, e.g., [8, §2.1], [23,
Equation 2.5.176], [7, Equation A.14]. Recall that if « is differentiable in a neighbourhood of I", then

Vu(x) = Vru(x) +n(x)%(x) whenx el

The surface divergence, V-, is defined in terms of a parametrisation of the boundary in, e.g., [23, Equation
2.5.205], [21, §3.4]. Later we use the fact that V- and V- are such that the identity

Vr-(¢F)=Vr¢ -F+¢Vr-F (1.41)

holds when ¢ is a scalar field and F is a vector field tangent to I

Let S C R3 be such that S is a compact, 2—d, C? submanifold with boundary of R3, and assume that S
and dS are both locally the graphs of functions. Let v be one of the two unit normal vectors to S and, having
chosen Vv, let T be the unit tangent vector to dS such that T points anti-clockwise when Vv points towards the
observer. (Later we take S to be a subset of I', in which case we take vV to be n.)
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Lemma 1.1 (The divergence theorem on surfaces) With S, v, and T as above, if F € (C'(S))?, then

/VS~Fds:/ F-(TxV)do,
S aS

where Vg is the surface gradient on S, ds is the 2—d surface measure on S, and do is the 1-d measure on the
curve 98.

Proof This result follows from Stokes’ theorem
/(VxA)-vds:/ A-1do,
JS Jas

with A = v x F, noting that (i) (V x A) - v = V- (A x v) [9, Equation 6.38], and (ii) Vs- ((v X F) x v) =
Vs -Fon S (since (v x F) x v is the tangential component of the restriction of F to S, and V- acts on the
space of vector fields tangent to the surface S).

2 Understanding the behaviour of the phase function ¢ (z;x,y)

Although the main result of this paper concerns the case when £2_ is 3—d, in this section we consider both 2—d
and 3—d ©_. This is because many of the arguments in the 3—d case can be reduced to their 2—d counterparts.

We first show that if Q_ is strictly convex and x # y, then the phase function ¢ (z;x,y) defined by (1.35)
has no stationary points.

Lemma 2.1 Let Q  CRY, withd =2 or 3, be strictly convex. If2# X, z#Y, and X £y, then Vr ¢ (z;X,y) #
0.

Proof We first show that V@ (z;x,y) # 0. (In this paper all derivatives of ¢ are with respect to the z variable,
and so we do not write this explicitly.)

When z # x or y, ¢ is a differentiable function of z and

V(l)(z;x,y):ﬂ—i:z/—\y—z/—\x. 2.1
z—yl [z—x]|

Seeking a contradiction, we assume that there exists az* € I" such that V¢ (z*;x,y) = 0. Then ﬂ =7 —x
and so z*, X, and y must be collinear (i.e. lie on a single straight line). Since _ is strictly convex, this cannot
happen.

We next show that V¢ (z;x,y) # 0. Again seeking a contradiction, we assume that there exists a z* € I
such that Vi@ (z*;x,y) = 0. The expression for V¢ (z*;x,y) (2.1) implies that z —y and z* — x must have
equal tangential components. Since ﬂ and z* — x are both unit vectors there are then three possibilities,

1. the normal components of ﬁ and z* — x are equal and nonzero,
2. the normal components of z* —y and z* — x are both equal to zero, and
3. the normal components of z* —y and z* — x are equal in modulus but have opposite sign.

If 1 or 2 held then ﬂ and z* — x would be equal and then V¢ (z*;x,y) would be equal to zero, but this
cannot happen by the argument above. By strict convexity n(z*) - (z* — x) > 0 and n(z*) - (z* —y) > 0, thus
3 cannot hold either.

In the proof of the main result (Theorem 1.4) it turns out that we need a lower bound on |Vr¢| when
ze I\ (Bs(x)UBs(y)) and [x —y| 2 €, with the parameters € and § allowed to be arbitrarily small (one
can see this from (1.38), since we need to bound the integral on the right-hand side of this equation).

Lemma 2.2 (A lower bound on Vi-¢) Let Q_ C RY, with d = 2 or 3, be such that I is C* and has strictly
positive curvature. If X,y € I with |x —y| 2 €, andz € I" \ (Bs(x) UBs(y)), then

Vré(z;x,y)| = g2 2.2)

as € and & — 0 with 6 < € (where the omitted constant in (2.2) is independent of z,X,y, €, and 6 ).
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Fig. 2.1 The surface I" (in 2—d) in a neighbourhood of z

Proof We split the proof up into 3 cases:

Case (i) [x—y| ~ €.
Case (i) e € [x —y| < L.
Case (iii) [x —y| ~ L.

In Case (iii) we claim that [V ¢| = 1 as € and 6 — 0. More precisely, we claim that given C; > 0 there exists
a C, (dependent on C; but independent of € and J) such that given any § > 0, ifz € I' \ (Bs(x) UBg(y)) and
|x —y| > C) then |Vr¢(z;x,y)| > C». Indeed, seeking a contradiction, we suppose that this is not true. Then
there exists a Cy > 0 and (Z,,Xp,¥n, 0u)_; such that &, > 0, |z, —Xu| > 04, |2y — Yn| > 6, [Xn —Yu| > Ci
and |Vr¢(z,;X,,¥,)| < 1/n. Since Vr@(2,;X,,¥,) — 0, the tangential component of zn/—\yn must tend to
the tangential component of zn/—\xn (see (2.1)). However, this is impossible since x,, - y, and £2_ is strictly
convex.

We now consider Case (i) (and it turns out that after we have proved the bound for Case (i), the bound
for Case (ii) follows immediately).

Case (i) Without loss of generality, we assume that |x —y| = € and |z — x| < |z —y|. We can then divide the
set{z:ze T\ (Bs(x)UBgs(y))} into the following 5 regimes:

Regime 1. [z—x| ~ & (so |z—y| ~ €).

Regime 2. § < [z— x| < € (s0 [z—Y| ~ €).
Regime 3. [z—x| ~ € (so |z—y| ~ €).

Regime 4. £ € |z—x| < 1 (so |z—y| ~ |z—x]|).
Regime 5. |z—x| ~ 1 (so |z—y| ~ |z —x|).

The case when Q_ is 2—d. Introduce polar co-ordinates (r, 0) with origin at z € I" and with the horizontal
axis (corresponding to 6 = 0) tangent to I” at z; see Figure 2.1.
Let x — z correspond to (ry,0;) and y — z correspond to (r2, 6,). We have that

xoz= |0 and g |02
| sin6; y-z= sin® |’

and then the expression for V¢ (2.1) implies that

| cosB; —cos B,

Ve = [sin 6; —sin 6, ] (23)
| cosBi(1—cos(8; —6,)) —sin O sin(0; — 6) 2.4)
| sin@; (1 —cos(6; — 6,)) +cos B sin(6; —6;) | :

The quantity of interest, V¢, is the first component of these last two expressions. !

! An alternative expression for V¢ is [~2sin((6; + 6,)/2)sin((8; — 6;)/2), 2sin((6; — 62)/2) cos((61 + 6;)/2)]”, and the asymp-
totics (2.5) and (2.6) below can also be obtained using this expression.
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We now obtain expressions for the asymptotics of V¢ as € and § — 0 in the following two situations:
(a) x and y tend to z (i.e. we are in one of Regimes 1-4), and (b) x and y do not tend to z (i.e. we are in
Regime 5). When (b) holds, then 8; and 6, do not tend to zero but |6; — 6,| does, and thus from (2.4) we
obtain that

Ry
Vr¢ = (COS Gl)M — (sin 91) (91 — 92) + ﬁ(|91 — 92|3). 2.5)

2

When (a) holds, there are three possibilities, (i) 6; and 6, are both in (0,7/2), (ii) 6; and 6, are both in
(m/2,7), and (iii) one of 6; and 6, is in (0,7/2) and the other is in (7/2, 7). In the rest of this proof we
assume that, whenever we are in one of Regimes 14, (i) holds. By symmetry, the arguments when (i) holds
apply when (ii) holds, and one can modify the arguments to obtain the result of this lemma (the bound (2.2))
when (iii) holds (indeed, under (iii), V¢ does not tend to zero in Regimes 1-4 since Xx—zand yi\z point in
opposite directions).

Therefore, in Regimes 1-4 we assume that 6; and 6, are both in (0,7/2). The definitions of these
regimes imply that both 0; and 6, tend to zero, and thus the expression (2.3) implies that

Vio = 5(63—07)+ 0(0f) + 0(63) 26)

We now seek to understand how 6, and 6, depend on € and 6 in Regimes 1-4. Let I' in a neighbourhood
of z be the graph of the function f(&), with the point z corresponding to & = 0. The geometry of I" implies
that £(0) = f'(0) =0 and f”(&) > 0 for & in a neighbourhood of zero (this last fact is because I has strictly
positive curvature). Since I" is C?, f is C2, and then Taylor’s theorem implies that, given & € R, there exists
an 1 € (0,&) such that

&)= %f”(n) & @7
Since f” > 0 in a neighbourhood of 0, there exist constants p, m, and M, all > 0, such that
m<f'(n)<M forall|n|<p
and thus, using (2.7),
%m§2§f(§)§%M§2 for all |E| < p. (2.8)
The fact that x,y, and z lie on I" means that
rjsin@; = f(rjcos6;), j=1,2,

and therefore, by (2.8), we have that
1 2 . 1 2
Em (rjcosB;)” <r;sinf; < EM (rjcos ) 2.9)

for all r; and 6; sufficiently small.
When r; — 0 and we think of 6; as a function of r;, (2.9) implies that

risin@; ~ (rjcos6;)* asrj— 0. (2.10)

When r; — 0, 6; must tend to either 0 or 7. Since 6; € (0,7/2) we have 6; — 0 and then sin6; ~ 6;,
cos 8; ~ 1. Using these asymptotics in (2.10) we have that

ijrjasrj—>0. (211)

Since we know how r; depends on € and 0 in Regimes 14, (2.11) tells us how 6; depends on € and §.
We now consider each of the 5 regimes separately, and prove that the bound (2.2) holds in each of them.

Regime 1. By definition, in this regime r; ~ 0 and r, ~ €, and thus both r| and r, — 0. Using (2.11) we
have that 8; ~ 6 and 6, ~ €. Using (2.6) we then have that V¢ ~ e,

Regime 2. In this regime r; ~ |z —x| — 0 and r, ~ €. Since both r; and r, — 0, we can use (2.11) and
obtain that 6; ~ |z — x| and 6, ~ €. Using the asymptotics (2.6) and the fact that |z — x| < € we have that
Vr¢ ~ &2
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Fig. 2.2 The spherical polar coordinate system in 3—d in a neighbourhood of z

Regime 3. We have that r| = ag +o(1) and r, = be + o(1) for some constants a and b with a # b (a cannot
be equal to b because |x —y| = €). Since both r; and r, — 0 we can use (2.11) to obtain that 6; ~ €, 6, ~ €,
but |6, — 6;| > €. The asymptotics (2.6) then imply that V¢ ~ €.

Regime 4. We have that € < | < 1 and r| ~ ry. By the triangle inequality || — r,| < €, but we now want to
rule out the possibility that |r; — r»| < €. Since both r; and r, — 0, z,x, and y are asymptotically collinear,
and thus the fact that |x —y| = € implies that |r; — rp| ~ € (see Figure 2.1). The asymptotics (2.11) then
imply that |6; — 6>| ~ €; hence 67 — 07 ~ €6 ~ €|z —x|. The asymptotics (2.6) and the fact that |z — x| > €
then imply that |Vr¢| > €2.

Regime 5. We have that 6; ~ 1 (since r; ~ 1) and 8; — 6, — 0. We therefore use the asymptotics (2.5), but
we first need to determine how 0; — 6, depends on €. Consider the triangle formed by z,x, and y; by the
cosine rule (or, equivalently, by expanding |(z —x) — (z —y)|?) we have that

&2 =|z—x*+|z—y|* —2|z—x||z— y|cos 0,

=r} 4+ 13 —2r1rycos by, (2.12)

where 6; := 0; — 6,. By the triangle inequality, |r; — 2| < € (as we had in Regime 4), but now |r; — rp|
could be < € (indeed, | could even be equal to ;). We therefore have that

e? =2r1(1 —cos ) +s, (2.13)

where |s| < er) < € (since 1y ~ 1). (Note that if r; = r, then s = 0.) If 0 < |s| < &2 then (2.13) implies that
1 —cos 6, ~ €* and thus 6, ~ &. The asymptotics (2.5) then imply that V¢ ~ € and thus |Vr¢| > €2, If
€2 < |s| < e then (2.13) implies that 1 — cos 8, ~ |s| and thus 6; ~ |s|'/2. The asymptotics (2.5) then imply
that V¢ ~ |s|'/? and thus |V-¢| > £ > €2

In summary, in each of Regimes 1-5 we have shown that the bound (2.2) holds.

The case when Q_ is 3—d. We introduce spherical polar coordinates at z as shown in Figure 2.2; thus, for a
vector € € R,

Ei=rcosOcosp, & =rcos@sing, & =rsinb. (2.14)

Note that the angle 6 is different from its usual definition (the usual 6 equals /2 minus our 6); we make
this change so that when @ = 0 (i.e. we restrict attention to the (&1, £3)—plane) we have the same coordinate
system that we used in 2—d.
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Let x — z correspond to (ry,0;,0) and y — z correspond to (rz, 65, @); see Figure 2.2. Then

cos 6 cos 6, cos @
X—Z= 0 , y—z= | cosbsing |,
sin 6 sin 6,

and (from (2.1))
cos 01 —cos 6, cos @
V¢ = | —cosBysin@ ;
sin 6; — sin 6,
we therefore have that
cos 0] —cos 6, +cos 6, (1 —cos @)

Vré = —cos B, sin @

. (2.15)

As we did in the 2—d case, for a point & = (1,6, @) on the surface I", we now seek to understand how
r, 0, and ¢ depend on each other as € — z. Let I" in a neighbourhood of z be the graph of the function
f(&) = f(&,&), with the point z corresponding to (0,0), and the (&;,&,)-plane coinciding with the tangent
plane to I" at z. (To maintain analogy with the 2—d case, we use & to denote a generic point in either R? or
IR3, depending on the context.) The geometry of I" implies that f is C2, £(0,0) = 9, £(0,0) = 3,£(0,0) =0,
and both eigenvalues of the quadratic form

{af £(0,0) 91 f (0,0)]
19,£(0,0) 97 £(0,0)

are > 0 (these eigenvalues are the principal curvatures at z).
Taylor’s theorem implies that, given & € R?, there exists an 1) in the line segment (0, &) such that

L7 [9if(n) oidf(M)] ..
f(é)_z‘§ Hazf(n)a;zf(n) ]g, (2.16)

see, e.g., [1, Theorem 12.14]. (Compare (2.16) to its 2—d analogue (2.7).) The fact that the quadratic form on
the right-hand side of (2.16) is positive-definite when ) = 0 implies that there exist constants p,a4, b+, and
d+, with

ai >0, di>0, and 0<4(ards—b%)<(as+di)? (2.17)
such that

P G R e TR @18)

(the conditions in (2.17) ensure that the two quadratic forms in (2.18) are positive-definite).

Now let & be a point on I" (with polar coordinates (r, 0, 9)). Using (2.14) and the fact that & = f(&;,&,),
we have from (2.18) that

l"2 COS 2
% [a (cos @)? +2b_(cos @) (sin @) +d-— (sin(p)z}

2 2
<rsinf < @

{a+ (cos )2 +2b (cos @)(sin@) +d (sin)? (2.19)
(compare these inequalities with those in the 2—d case given by (2.9)). The conditions in (2.17) mean that the
quantities in square brackets in (2.19) are > 0, and therefore 8 ~ r as r — 0.

We now consider the same 5 regimes that we considered in the 2—d case (recalling that we are still in
Case (i), i.e. |x—y| = €).

Regimes 1-4. First consider Regime 1. Here r; ~ 6 and r, ~ €. Both r; and r, — 0, and then, by (2.19),
0; ~ r;. There are now three possibilities: ¢ = 0,¢ — 0, and ¢ ~ 1. The worst-case scenario is when
¢ = 0 (indeed, from (2.15) we see that if ¢ ~ 1 then both components of V¢ are ~ 1, and thus the bound
|Vr| > €2 certainly holds). Furthermore, when ¢ = 0 the second component of V¢ equals zero, and the
first component is equal to the single component of V¢ in the 2-d case. The results from Regime 1 in the
2-d case then imply that the first component of V¢ (i.e. the first component of (2.15)) ~ &2, so certainly
|Vro| > e2.

The bound in Regimes 2—4 follows in a similar way, again making use of the results from the relevant
2—d cases.
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Fig. 2.3 The spherical polar coordinate system with x,y, and z

Regime 5. Define y to be the (acute) angle between Xx—zand y —z (see Figure 2.3). The argument using the

cosine rule used in Regime 5 of the 2—d case shows that € < w < g/2ase — 0.
With 6, := 6, — 6, (as before), simple geometry implies that
cos B;cos @ = cos y. (2.20)

(To prove (2.20), consider the tetrahedron formed by z, X, y, and the projection of x onto the line corresponding
to 6; =0 and @ = 0, and calculate |x —y| in terms of r1,72,0,, ¢, and Y in two different ways.)

The equation (2.20) implies that if y — 0, then both 6; and ¢ tend to zero (since cosco < 1 for
0 < a0 < /2), and then by Taylor expanding we find that

V=0]+0>+0(0]0°)+0(6])+0(9")+ O(y?).

Therefore, when v — 0, at least one of 6; and @ must ~ y. If ¢ - 0 then 6; ~ y and the first component
of Vr¢ tends to cos 6,(1 — cos @), which ~ 1. If ¢ ~ y then the modulus of the second component of
Vr¢ ~ v, which is 2 €. In either case, the modulus of one of the components of Vi ¢ is = €, and thus
|Vro| is certainly > £2.

Case (ii) We have now established the bound (2.2) in Cases (i) and (iii) (in both 2- and 3—d). To establish
it in Case (ii), note that the only way € entered the arguments for Case (i) above was as the norm of x —y.
Thus, if € < |x —y| < 1, the arguments in Case (i) show that [V¢| > [x —y|?> > €2 and we are done.

3 Bounding the integral J;

Given an arbitrary x € I" and € > 0 we need to bound

/ | (x,y) | ds(y),
I'NBg(x)

where #(x,y) is given by (1.25).

The end result of this section is the bound (1.29) and we get this by proving that the bound (1.27) holds
with b(|x —y|,k, &) given by (1.28).

Our goal, therefore, is to bound 7 (x,y), when y € B¢ (x), explicitly in |x —y|, k, and € (although it turns
out that the bound with not involve k).

Looking at the definition of #;(x,y), (1.25), we see that if x =y then the kernel of this integral is singular
when z = x (and thus |7 (x,x)| is infinite), and even when x # y the kernel is weakly singular when z = x
and when z = y. We begin by splitting the integral into two parts: one localised near the singularity at z = x,
the other where the singularity is cut away. To make this split we introduce a cut-off function x5 y such that

Xsx(z) =1 for z € Bg(x), (3.1a)
0< 25x(z) < land |3 (x5 x(2))| < 6" for z € Byg(x) \ Bs(x), and (3.1b)
Xsx(z) =0 for z ¢ Bys(X) (3.1¢)
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(such a y exists by, e.g., [19, Theorem 3.6]).

At the moment we do not specify how § is related to &, but we see later that the best bound is obtained
when & is independent of €. In what follows we assume that € and & are both sufficiently small so that
I'NBe(x) and I N Bs(x) can both be expressed as the graphs of functions.

Let I} and I; be defined by

oik(z—y|~[z—x])

I (x,y) 1:/F (1 *Xﬁ,x(z))mds(z)a

eik(lz—y|—|z—x])
X y /Xﬁx ds (Z)a

Jz—yllz—x

and

so that .
1(x,y) = o (% ¥) + h(xy)).

Observe that the integrand of [; is zero when z € Bs(x) and the integrand of I, is zero when z ¢ B,5(x). We
now bound /; and I, separately (and the majority of the work occurs in bounding 5).

3.1 Bounding I;

We have that
ds(z
neey)< [ S
r\8s(x) [2— [z —x]
The inequality |z —x| > § for all z € I" \ Bs(x) implies that

I (x.y)| < 1 ds(z) <l ds(z)
PEYI=5 s 2=y = 8 Jrlz—y|

Since [ |z—y| !ds(z) < e, we have that

1

|11 (X,Y)| S 5 (3.2)

3.2 Bounding I,

We have

ds(z)
L(x,y) S/ T
£ | Bys(x) |2 —Yl|z —X|

Introduce polar coordinates in the tangent plane to I" at x. Let (r, 6) be the projection of z — X into the tangent
plane, and let (p,0) be the projection of y; see Figure 3.1. Since I" is C> we have that, for § and & sufficiently
small,

x—y|<p<|x—y| and |z—x|<Sr<|z—x|. (3.3)

If y ¢ B,5(x) then we obtain |I;| < 1/0 in exactly the same way that we obtained the bound (3.2) on I.
Therefore, in the rest of this section we assume that 26 > € so that B¢(x) C Bys(x) and thus y € By5(x).
We now estimate || in terms of p, and then use (3.3) to get an estimate in terms of |x —y|. For &
sufficiently small, we have that
lz—y|? ~ 2 +p%—2rpcosh,

see, e.g., [8, Equation 2.5], and therefore

|12 .y |N/ / rdrd6 3.4)
6=0Jr=0 r\/r2 + p2 —2rpcos6

We know that |f;(x,x)| is infinite, and this can be seen from (3.4), since when r = p the integral in 0 is
singular. We perform the 8—integration in (3.4) first and find explicitly the singular behaviour when r = p,
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Fig. 3.1 The polar coordinate system used in the tangent plane to I" at x

but we first split the r—integral up to isolate this singularity. Indeed, given p € (0,27), we introduce an ry
such that 0 < rp < p and rop < 28 — p, and split the integral as follows

- p—ro p+rg 26 2n 1
L(x,y)| S (/ +/ + )dr de
| ( )| 0 p—ro p+ro 0 \/r2+p2—2rpcos9

(we fix rg as a specific function of p later). Call the three integrals on the right-hand side of the last inequality
b1, 1, and I3 respectively. (To keep the expressions concise, we suppress the dependence of 1,1, and
I3 on x and y in the rest of the argument.)

Bounding the integrals 1 and I3. We have that

p—T1Q 2T de
121 :/ dr/ .
0 Jo \/r2+p2—2rpcos@

If < p then \/r2+p2 —2rpcos® > (p —r), so

pP=To
b < 275/
0

— 27log <p> . 3.5)

p—r ro

In an almost identical way,

s < 27log (26rp > . (3.6)
0

Bounding the integral I,,. We have that

b= [ S Gy dr 3.7)
27 p—ro r+p? ) /2y p? '

2 1
F(b):= / —d0
(®) 0 V1—b%*cosO
Observe that \/2rp /(r? + p?) is always < 1 and equal to 1 when r = p. Therefore we are interesting in the
asymptotics of F(b) asb /1.
In Appendix A we prove that

where

’F(b)\/ilog (1117) ‘ <1 asbh /1,
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and thus there exists a by such that

1
F(b) < V2log (117) for all b satisfying 1 —bg < b < 1.

Now
2p [y r=p) | 1(—p)
r2+p27 r2+p2— 2r2+p2’
SO
-1
2 2
L 2rp - 2(r 4p”)
rrtp? ) T (r=p)*’
and

¥, - r2 2
(1) 2 (T557)

Therefore, there exists a ¢ > 0 such that if ry < ¢ (i.e. rg is sufficiently small) then

2rp 1
F (\/T—&—pz) <log <r—p|> forall |r—p| < rp. 3.8)

Note that since ry < p < &g, the condition “ry is sufficiently small” required to use (3.8) can be subsumed
into the condition that € is sufficiently small (with this latter condition applicable to all the bounds in this
section).

Using the inequality (3.8) in the expression (3.7), we have that

p+ro dr

1 dr p+ro 1
o [ () e [ ()
2 Joery [r=pl) \/r2+p? r=p/) \/r’+p?
ds
N/ log< >
V2p2+ 2 +2ps’

where we have used the change of variable r = p + s in the last step. Since \/2p2 +s2 +2ps > pv/2 we

have
In S o <1 +log <1>> . (3.9)
p |

Therefore, putting the bounds on I»1, 12, and I3 ((3.5), (3.9), and (3.6) respectively) together we obtain

b < log <p>+m(l+log <l)>+log<25_p>, (3.10)
ro p o ry
with rp < p < & < 28.

We now gear ry to p in such a way that ry < p; we take rp = p2. We assume that 28 < 1, and then
log((26 —p)/p?) Slog(1/p?) Slog(1/p). Therefore

1 1 1
Ll Slog| — )+ (I—HO ()) <lo ()
L g(p) p el 5 el 5

Finally, using |x —y| < p < [x—y]| (from (3.3)) we obtain the result that there exists a & > 0 such that

1
|L(x,y)| < log <|x—y|> (3.11)

for |x —y| <& <28 <26.



Bounding acoustic layer potentials via oscillatory integral techniques 21

3.3 Finding a bound on J;

Combining the bounds on 7] and />, (3.2) and (3.11) respectively, we find that there exists a & > 0 such that

1 1
|1 (x,y)| < log <|X_y> +5 (3.12)

for |[x —y| <& <25 <28.
For € sufficiently small we can estimate the integral in y of |#;(x,y)| over I N B¢ (x) by the integral in the
tangent plane and obtain
2
€

1
e (x,y)|ds(y <8210 (>+
/mBS |k Y| g P S

(where we have used that [ plog(1/p)dp = & (€?log(1/¢)), and [5 pdp = O(€?)). Choosing § to be
independent of € (but still less than &y), we obtain the bound (1.29).

4 Bounding J,
Recalling the discussion in §1.5 and the inequality (1.30), given an arbitrary x € I" we need to bound

yelB g 0]

where #(x,y) is given by (1.25).
The end result of this section is the bound

max (x| Se 1 : @.1)

yel\Be (x ke2n+s’

for any n > 1, from which the bound (1.31) on J, follows after using (1.30).

When y ¢ B¢ (x), the kernel of #(x,y) is not strongly singular, but it is weakly singular when z = x or
z =y. We begin by cutting away the singularity at z = x. Let x5 x(z) satisfy (3.1) for some & that we fix later
(note that the J in this section has no connection with the 6 in §3). Let I3 and I be defined by

eik(z—y|—lz—x|)
sxy)i= [ 254 ds(z)

Jz—yllz—x|
and
eik(lz—y|~2—x])
L(x,y) 1:/F (1 *XS,x(@)st(z)a
so that

f(x,y) = (I3(x,y) + La(x,y)).

1
1672
Observe that the integrand of 5 is zero when z ¢ B,5(x) and the integrand of I is zero when z € Bg(x).

4.1 Bounding the integral I3

We have that

(xy)| < / L is). 42)

Bys(x) [2— Y[z —X|
We choose 0 so that 26 < €. This implies that y ¢ B,5(x) and we then have the bound |z —y| > € —26.
Using this bound in (4.2) we find that

1 1

T35 s x 7| 7X‘ds(z).

153(x,y)] <
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If 6 is sufficiently small then this last integral can be estimated in the tangent plane, with |, Bys(%) |z —

x| ~!ds(z) < 28. Therefore
26 26 1
< — —_— —
ILEY)IS =75 ( - ) (1_25/£>. (4.3)

Observe that we need 8 < € to make this last expression go to zero. Therefore, we assume that 6 < € from
this point on, and the bound (4.3) then becomes

. (4.4)

15}
< =
‘13(X7y)| ~e

4.2 Bounding the integral Iy

The integrand in 4 is not weakly singular when z = x, but it is when z = y. Let x5 y(2) satisfy the conditions
(3.1) with x replaced by y. (Note that we could choose the radius of the ball around y to be different from
that around x, i.e. introduce a x97x(z) for some O > 0, but it turns out that this is not advantageous.)

Let .
eik(lz—y|—|z—x|)

Iy (x,y) := /FX(S,y(Z) (1 —Xa,x(z)> T—ylle—x ds(z),

and .
eik(jz—y|—|z—x])

I(x,y) ZZ/F (1 —X&y(Z)) (1 —Xa,x(z)> mds(z),

and thus Iy = I41 + I1. (Similar to before, we suppress the dependence of 141 and I4 on X and y in the rest of
the argument to keep the expressions concise.)
Turning first to /41, we find that (in an almost identical way to how we obtained the bound (4.4) on |I3|)

20 20 1 o
< — (== Iz
1| S =53 (8)(1_25/8)N8, @4.5)

where the last inequality follows since we are assuming that § < €.
Turning to Iy, we see that the range of integration can be changed from I" to I\ (Bs(x) UBg(y)), since
X5x(z) =1 whenz € Bs(x) and x5 y(z) = 1 when z € B;5(y). The integral Iy is an oscillatory integral with

no weak singularities, and thus we can integrate by parts. The integrand of Iy, is of the form el¥?(%) £ (z) with
¢(z) given by (1.35) and f(z) given by (1.36) (as in §1.5, we suppress the dependence of ¢ and f on x and
y). Now
i 1 i Vr¢(z)
k0@ £z = —v (ekaz))
f#) = Vr Fromn! @
and, by (1.41),

Vi <elk¢ ) Vro(z )|2f( )> (eik¢(2)) _Mf(z)+eik¢(z)v ( Vro(z )|2f( ))

IVro(z) Vro(z)]? IVro(z)
Therefore, using the two previous equations and Lemma 1.1 we have that, for S C I',
i Vro(z)
ko) ¢ / v 11<¢ ds
/ r () grap @6

_1 io(z) Vro(2)
=% s (ko (z |V:¢( )\2f() (t(z) x n(z)) do(z)

. v
~g [ ()

where 7(z) is the unit tangent vector to dS (with orientation as described above Lemma 1.1) and do(z) is
the 1-d measure on the curve JS.
We apply this last formula with S = I' \ (Bs(x) UBg(y)). Thus, Isp = 1o + L1p» where

_ 9 Vo)
Iy = (/1"m335(x)+/m835(y)> ik Vi@ )|2f( z)- (7(z) xn(z)) do(z)




Bounding acoustic layer potentials via oscillatory integral techniques 23

and

Ly - / e o ( Vro(z)
422 «— — " I
Jr\(Bs(x)uBs(y) ik |Vro(z)

To bound the integrals 1471 and l47; we require bounds on f and V- f.

1)) dsta).

Bounds on f and Vi f. We claim that
1 1
<

2yl x| ~ &8 0

whenz € I' \ (Bs(x) UBs(y)) and |x —y| > €. (Note that one can easily prove that the left-hand side of (4.6)
is < 872 from the inequalities |z —x| > § and [z —y| > §.)

To prove this claim, we first assume that |z — x| < |z—y]|, i.e. z is always closer to x than to y (since
the expression is symmetric in x and y, this is without loss of generality). We can divide the set {z:z €
I'\ (Bs(x)UBs(y))} into the following 3 regimes.

Regime 1. 6 < |z—x| < &,
Regime 2. |z—x]| ~ &,

Regime 3. £ < [z—x| < 1

~ °

In Regime 1, we have
2=yl = x—y|-lz—x| >z e—|z—x| Z &,

and then the bound (4.6) follows from this last inequality and |z — x| > §.

In Regime 2, the triangle inequality and the assumption that |z — x| < |z — y| imply that |z —y]| ~ &; thus
|z —y||z — x| ~ &2 and the bound (4.6) certainly holds.

In Regime 3, we have that |z —y| ~ |z — x|, so [z —y||z — x| > €2 >> €8, the bound (4.6) therefore holds
in this regime too, and we have proved the claim.

The bound (4.6) implies that |f(z)| < (€8)~! forallz € I'\ (Bs(x) UBs(y)) and |x —y| > €. We now
turn our attention to V- f(z). Define fy(z) by

fy(2) =
and define fy(z) similarly. Then f(z) = fy(z) fx(z) and

Vi@ = (V@) (@) + (@) (V).

Now

(V@) frlz) = (W Zz—yy|3> 1—Xsx(2)

Using the bounds Vs (2)| < 8" (from (3.1b)), (4.6), and [z—y| > &, we then have that

- (1 - X&,y(z))

(VA0 K| £ s

An identical argument shows that | fy(z)V fx(z)] is also < (8%¢)~!. Therefore, since |Vrf| < |[Vf

>

1
\Vrf(z)] < e whenz eI\ (Bs(x) UBs(y)) and [x—y| > €. 4.7)

Bounding lyy;. Using the bounds (4.6) and |[Vr@| > € (with the latter bound coming from Lemma 2.2), we
can bound the modulus of the integrand of I4»; by (ke*8)~!. Since the length of I N dBj(x) is proportional
to &, the integral over I' N dBj(x) in p; is bounded by (ke3)~!. The integral over I' N dBj(y) is bounded
in an identical way, resulting in the bound

1
Ipi| < —. 4.8
[la21] < &3 (4.8)
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Bounding 145,. We have that

([ Vr¢(z) B 2. Vro(z) Ar¢(z) M ) )
Vo (ot @) =00 e et @ e v (Vro@) @)

where Ar¢ := Vr -Vro; see, e.g., [23, Equation 2.5.191]. Denote the integrals arising from the three terms
on the right-hand side by 14221, 14222, and lip23 respectively.
Using the bounds (4.7) and |V ¢| > €2, we have that

I < —=. 4.
Li221] S 352 4.9)

To bound Iz we need to bound Ar¢(z). Since ¢(z) is differentiable in a neighbourhood of z €
I'\ (B5x(z)UBsy(z)), Ar¢(z) can be bounded by the first and second derivatives of ¢ in the domain, i.e.

Aro(z)| < Y |0%¢(z)| forzel, (4.10)

lor| <2

where the omitted constant depends on the curvature (and thus relies on I" being C?); see, e.g., [23, Equation
2.5.212]. Therefore

1 1
<< whenzel \(Bs(x)UBs(y)) and [x—y| > €.

A + +
Are@IS 1+ L5t e =x 55

Using this last bound along with the bounds (4.6) and [V ¢| > &2, we have that

1

L < __ . 4.11
2| S 1552 (4.11)
Finally, to bound 14773 we need to bound V- (|Vr¢|). Similar to (4.10) we have that
vr(Ivro@))| s X [9%0()] forzer,
|| <2

and thus, in a similar manner to how we obtained the bound (4.11) on I477,, we obtain that

L < . 4.12

[lax23| S 16552 (4.12)

Putting everything together. Combining the bounds on I3, I41, l11, 11221, 11222, and 14223, (4.4), (4.5) (4.8),
(4.9), (4.11), and (4.12) respectively, we have that, when x € I" and y € I" \ B¢(x),

) 6 1 1 1 1
NS T+ et ee T el T e
A e e e
I Iy Ig21 Lo A%55) Ly223
0 1
— 4.13
~ g + ked 52 (4.13)

Our only requirement on § is that § < €. We now let § = €" for n > 1. Other choices of § are available,
e.g. we could choose 6 = €"log(1/€) for n > 1, but these other choices do not result in a sharper bound on
”SkHLz(F)HLz(F) than the one resulting from the choice § = €”. With this choice of 8, (4.13) becomes (4.1),
which is the end result of this section.
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A The asymptotics of the integral F(b) asb 1
We use the following result to bound /5 in §3.2.
Lemma A.1 If
21 1 40
F(b):= / —_—
®) 0 V1—b2cosO
then
1
'F(b) —V2log (ﬁ)‘ <1 oash /1. (A.1)
Proof Define I(€) by
- 1
I(g):= / —df (A2)
0 /1—(1—¢)cosO
Then I(g) = F(1 —€)/2, and proving that (A.1) holds is equivalent to proving that
‘1(8) ! lo <1>'<1 as €\, 0 (A3)
\/Q g 8 ~ - .

The integrand of (A.2) behaves differently depending on whether 6 is “large” compared to € or 0 is “small” compared to €. Our
plan is to use the “divide and conquer” technique of [17, §3.4], which involves breaking /(€) up into the sum of two integrals to separate

these different behaviours.

Although this method can be applied to /(&) directly, it turns out that performing some elementary manipulations to the integral

beforehand simplifies the calculations later on. Letting x = cos 8 in (A.2), we find that

1e)= [ &
© _/_1 VI—(1—e)2x/T—x2

‘We now let

and b

Pp— 0 dx
h(e) = /71 VI—(1-¢€)2xV1—x*

pp— ! dx
(&) '_./0 VI1I—(1—¢€)2xV1—x2

so that I(¢) =11 () + L (¢€). Since I; (0) is finite (as the singularity of the integrand when € = 0 is at x = 1), it is straightforward to

show that ‘11 (&)] < 1as e\, 0; we can therefore restrict attention to I (€).

The integrand of »(0) is singular at x = 1; it is perhaps more convenient to have the singularity at zero, so we therefore letr =1 —x

and find that

1 dr
2(€) :/0 VI—(I—elP(l-nv2—tvi

Taylor’s theorem implies that there exists a C > 0 such that

1
———1|<Cr forallt€[0,1],
V1=1t/2
and thus
1
h(e)——=J()|S1 ase\,0,
Y
where

1 1
/) ::/0 1-(1-¢)(1-1)vi :/0 2e -2+ (1—efivi

Therefore, to prove (A.3), it is sufficient to prove that

‘J(s)—log(é)‘ <1oase\0.

(A4)

(A.S)

The second expression for J(€) in (A.4) shows that the behaviour of the integrand depends on the relative magnitudes of 7 and €.

Following the “divide and conquer” method discussed above, we introduce & > 0 and define

and Jr(e

9 dt
hle) = ./o V2e—€e2+(1—¢€)ty/t

(so that J(€) = J1 (€) + J2(€)). The rest of the proof consists of showing that, if 6 > &,

)
Ji(g) —log (E)‘ <1 aseN\,0, and

J>(g) —log <%>‘ <1 ase\0,

and then (A.5) follows from combining (A.6) and (A.7).

! dr
) ':./5 V2e—€2+(1—¢)ty/t

(A.6)

(A7)
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Proof of (A.6). The integral J;(€) can be computed exactly. Indeed, using the change of variable ¢ = s2, we find that

Ve ds
i) :2/0 V2e—e)+(1—¢g)2s?

The substitution s = (a/b) sinhx can be used to show that

< ds 1 be be\? 1 be a2
= =g | = = 1| == |og( =) +log [ 1+1/1+(— .
/0 a? + b2s? b8 aJr <a> * b{0g<a>+0g<+ Jr(bc) )}

Using this last expression with a = v/2& —€2, b =1 —¢, and ¢ = V/§, yields

_ _g2
Ji(e)= & {log (%) +log <1+ 1+(128_8;5>:| .

Assuming that § > €, we then obtain the asymptotics (A.6).

Proof of (A.7). Sincet > &> ¢, we expect the integrand of J,(€) to behave like 1/z. We therefore prove that

517

1]
- —di
12(8) /6 t !

and then (A.7) follows.

Now

(A.8)

S| 11 1 1
JZ(S)i/s ?dl:./s Vi |:\/2€82+(1£)2[\ﬁ:| a,

and thus we need to bound the term in square brackets in (A.8).

Combining the fact that

1 R —(2e—€*)(1—1)
2e—e2+(1—e)t Vi (Vi+\2e—e2+(1—e)1)Vi/2e—e +(1—e),

with the inequality

we find that

and we are done.
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